A Modal Logic of Intentional CommunicationMarco ColombettiArtificial Intelligence and Robotics ProjectDepartment of Electronics and Information SciencesPolitecnico di MilanoAbstract. I propose a propositional modal logic of intentional communication, a circular conceptwhich develops an idea by Airenti, Bara and Colombetti (1993). A communication operator is addedto a multi-modal language of individual belief, common belief, and intention, and its possible worldsemantics is justified through a fixpoint construction. A normal modal system for the communicationoperator is defined, and shown to be sound and complete. Within this framework, I prove someproperties of intentional communication and give sufficient conditions for an action to becommunicative.

To appear on Mathematical Social Sciences.Send correspondence to the author, Department of Electronics and Information Sciences, Politecnico diMilano, piazza Leonardo da Vinci 32, 20133 Milano, Italy. Voice: (39) (2) 2399 3525. Fax: (39) (2) 23993411. Email: Marco.Colombetti@polimi.it

Marco Colombetti A modal logic of intentional communication21.IntroductionIn the last few years, the concept of common belief1 has received a great deal of attention insuch diverse fields as economics, decision theory, social psychology, cognitive science,artificial intelligence and distributed computer science. Recently, several technical papershave proposed sound and complete axiomatizations of this concept as modal logical systems,with either Kripkean or neighborhood semantics (Halpern and Moses, 1992; Lismont andMongin, 1995; Bonanno, 1996).To assume that a group of agents have common belief of some proposition is a strongcondition, because it requires that each agent believes the proposition, that each agentbelieves that each agent believes the proposition, and so on ad infinitum. It is thereforeimportant to analyze the situations which can bring common beliefs into existence. Typically,common beliefs are shown to arise when some proposition is public, that is, when it cannothold without all agents believing that it holds. This treatment appears to suit common beliefsthat arise because some fact is intrinsically so evident that it would be impossible for a groupof rational agents not to recognize it. For example, if a group of people have dinner togetheraround a table, we can safely assume that the fact they are dining together is common beliefof the group.In reality, however, many common beliefs do not arise from this kind of situations, but arethe product of a process of communication within a group of agents. Suppose, for example,that Alice (the speaker) tells all other members of a group (the audience) that she feels tired.Then, under appropriate conditions, two facts (among others) become common beliefs of thegroup: (i) that Alice communicated that she is tired, and (ii) that Alice is tired. The mostnatural justification for (i) is that to communicate is a public event; however, the same kindof justification does not apply to (ii), because being tired is typically not public. In fact, (ii)has become public as an effect of Alice�s communicative act. It seems therefore that thenotion of communication deserves accurate analysis; ideally, such an analysis should resultinto a proper extension of some suitable epistemic logic. In this paper, I propose a treatmentof communication in an extension of a frequently adopted modal logic of belief, that is, thenormal multi-modal system KD45n.Recently, a number of scientists (notably Cohen and Levesque, 1990) have tried todevelop a treatment of communication within a general formal theory of action. However,building such a theory is a formidable task, which so far has not been accomplished in asatisfactory way. The approach advocated in this paper is different: keeping an eye onOccam�s razor, I shall try to do as much as I can with simple technical tools. My hope is thatit will be possible to embed the results obtained in this way into wider logical treatments ofhuman action.Communication has a large variety of different facets, and it is unlikely that a singledefinition can be provided that covers all the reasonable acceptations of the term. It is not atall obvious, for example, that communication among humans, among nonhuman animals, and

1The relevant literature deals with both common belief and common knowledge. The two concepts are strictlyrelated, in that knowledge is typically identified with true belief. In this paper I shall only be concerned withbelief.

Marco Colombetti A modal logic of intentional communication3among artificial systems can be defined in a similar fashion. In this paper I shall only beconcerned with communication among human beings, which is evidently the most relevantcase for the social sciences.As remarked by Sperber and Wilson (1986, Chapter 1), so far human communication hasbeen treated from two different perspectives: the code model of information theory (Shannonand Weaver, 1949), and the inferential model,2 based on ideas introduced by analyticalphilosophers like Grice (1957), Strawson (1964), Lewis (1969), and Schiffer (1972). Thecode model is basically concerned with the transmission of information from a source to areceiver. It can be used, for example, to study possible loss of information through a channel,but it is not the right tool to analyze the effects of communication on an agent�s belief system.Models of the inferential type, on the contrary, regard communication as a kind of intentionalactivity carried out by an agent to achieve an effect on an audience, and appear to approachthe matter from the right side, in view of my present goals. Therefore, in this paper I shallonly be concerned with the inferential model.Since Grice�s influential paper on meaning (1957), it is widely accepted thatcommunicative acts involve higher-order intentions. That is, communication not onlyencompasses a speaker�s first-order intention, I1, to achieve an effect on an audience, but alsothe speaker�s second-order intention, I2, that I1 be recognized by the audience. The second-order intention is meant to capture the overt nature of communication, allowing one todistinguish a genuine communicative act from an attempt to achieve an effect on a group ofpeople in a concealed way. Suppose for example that Alice wants Bob to believe that she is athome. Alice can obtain this effect through various means, and in particular:(i)by turning on the light and the TV set in her sitting room; or(ii)by calling Bob on the phone and telling him �I am at home�.In case (i), Alice has the first-order intention, I1, to make Bob believe that she is at home, butneed not have the second-order intention, I2, to let Bob know that she has intention I1;however, if Alice does not hold intention I2, her act cannot be properly described ascommunication. In case (ii), on the contrary, by telling Bob that she is at home, Alice isintentionally making her first-order intention known to him; according to Grice�s viewpoint,this can be regarded as a proper instance of communication.Strawson (1964) was probably the first to remark that second-order intentions are notsufficient to define communication, and proposed to consider the third-order intention, I3, thatalso I2 be recognized. Examples showing why it should be so are fairly baroque, but I shalltry to elaborate case (i) above to make Strawson�s standpoint clear. Suppose that Aliceactually intends Bob to recognize her intention to make him believe that she is at home (thisis the second-order intention, I2), without overtly telling him so. In an appropriate context,Alice might make sure that Bob sees her turn on the light and the TV set, behaving in such away that Bob will suspect, or even firmly believe, that Alice intends him to believe that she isat home. In such a case, Alice would actually entertain intention I2 (that I1 be recognized byBob), but still she would not communicate to Bob that she is at home. Indeed, this

2This term is, in my opinion, rather misleading, because it suggests that the process of communication is itselfan inferential process. While Sperber and Wilson endorse this view, I think that the fact that a model of aprocess is inferential (i.e., expressed as a logical system) does not imply that the process itself be inferentialin any meaningful way.

Marco Colombetti A modal logic of intentional communication4counterexample to Grice�s definition is ruled out by Strawson�s requirement that Alice hasthe third-order intention, I3, that I2 be recognized by Bob.The function of Strawson�s third-order intention is to guarantee that a communicative actis truly overt. However, once we start climbing up the hierarchy of intentions, there seems tobe no reason to stop at level three. In fact, Airenti, Bara and Colombetti (1993) argue that nofinite conjunction of finite-order intentions can do the job, because (page 206):� if an nth-order intention is required in the definition [of communication], then theactor might fail to entertain the intention of order n+1. The interactive situation istherefore not fully overt, because a part of it is not meant to be recognized, but rather iskept private by the actor.�From a technical point of view, this implies that either one postulates an infinite hierarchy ofintentions up to order w, or provides a circular definition of communication: a situation that isalready familiar to logicians from the analysis of common belief.An iterative analysis of communication is proposed by Perrault (1990) within theframework of default logic. However, the iterative approach (like in the case of commonbelief) does not allow one to capture the notion of communication in finitary terms, andforces one to deal with it at the metalinguistic level. The result is that reasoning aboutcommunication cannot take place within the logic.A circular approach to communication is adopted by Airenti, Bara and Colombetti (1993),who do not directly define a notion of communication, but rather introduce a circular conceptof communicative intention through an appropriate �fixpoint axiom�. Their treatment,however, has a number of technical shortcomings. The first is the system proposed by Airentiet al. is not fully formal, and in particular is not endowed with formal semantics. The secondis that the fixpoint axiom, as we shall see, does not completely characterize communicativeintention. The third is that the definition of intentional communication appears to be moregeneral and flexible if one separates the intentional component from the communicative one.In the rest of this article, I propose a formal treatment of communication within a sound acomplete normal modal logic. A difficulty for theories that deal with circular states, likecommon belief and (in this paper) communication, is to provide conditions under which suchstates hold. Circular states require very strong conditions to occur; however, in all concretecases the communicating agents will ultimately have to rely on their individual beliefs tojudge whether something has been communicated. At the end of Section 6, I propose asolution to this problem.The plan of the article is the following. In Section 2, I introduce a circular definition ofcommunication at the intuitive level. In Section 3, I define a basic logic of individual beliefsand intentions, which is extended to cover common belief in Section 4. In Section 5, I give aformal definition of communication. Some properties of communication are then proved inSection 6, and a short discussion is provided in Section 7. The Appendix reports thecompleteness proof for the modal logic of communication proposed in Section 5.2.The Basic IntuitionLiterally, to communicate means to make something common. I shall take this etymologyseriously, and regard communication as an intentional activity resulting into a common

Marco Colombetti A modal logic of intentional communication5belief. More precisely, let A = {1, ..., n} be a finite set of n agents, and let us suppose that anagent, a, communicates something to the other n—1 agents of A; I shall designate a as thespeaker, and the other n—1 agents as the audience.3 For a given proposition j, I take that asuccessfully communicates that j if and only if:¥j is a common belief of A;¥that a intends to communicate that j is also a common belief of A.Let us use the following notation (rather informally, for the time being):¥B*j, to mean that j is a common belief of A;¥Iaj, to mean that agent a intends to perform j;¥Caj, to mean that agent a communicates that j to the audience A—{a}.Then, intuitively, communication should be defined so that the following scheme is valid:(FC)Caj ” B*(j � IaCaj).FC is formally related to the well-known fixpoint axiom of mutual belief, and I shall thereforerefer to it as the fixpoint axiom of communication. I shall refer to the proposition expressed byj in Caj as to the content of communication.The intuitive definition of communication via FC is bound to be controversial. Forexample, it can be argued that FC is a very strong condition, because it requires the speaker tobe sincere about j (i.e., the speaker must believe that j), and the audience to be convinced bythe speaker�s communicative act. Indeed, one might argue for a weaker definition, forexample by assuming that successful communication coincides with the common belief thatthe speaker intends to communicate that j (in the previous sense), without requiring thatcommon belief that j be also achieved. Let us write C�aj for this weaker notion ofcommunication; then we have the fixpoint axiom:C�aj ” B*(IaB*j � IaC�aj).That C�a is weaker than Ca is reflected by the fact that (assuming rather obvious logicalproperties for our operators) Caj entails C�aj, but not vice-versa. Establishing which of thetwo notions of communication is more basic is certainly a relevant philosophical question.However, from the technical point of view taken in this article, the question seems ofsecondary importance. In fact, it turns out that the two concepts are mutually interdefinablethrough the following schemes:C�aj ” B*IaCaj,Caj ” B*j � C�aj.Another plausible definition of communication can be based on the idea that successfulcommunication that j, besides implying the common belief of the intention to communicatethat j, does not necessarily imply the common belief that j, but only the common belief thatthe speaker believes that j:

3It is important to remark that by using this terminology I am not assuming that communication only involves(or even partially involves) the use of speech. My treatment applies to communication based on any type ofcode, either verbal or nonverbal.

Marco Colombetti A modal logic of intentional communication6C�aj ” B*(Baj � IaC�aj).It is easy to check that, again assuming obvious logical properties for the operators, C�a isrelated to Ca through:C�aj ” CaBaj.Within the logic of communication proposed in Section 5, C�a is strictly weaker than Ca,because Caj � CaBaj is a theorem, while the converse implication is not.In my opinion, the strongest definition of communication, Caj, is preferable, because it isformally simpler and it expresses in a more direct way the idea that the basic reason forcommunicating is to make some content common in a group of agents. However, a treatmentsimilar to the one proposed in this article can be developed also for different concepts ofcommunication, if they are defined through fixpoint axioms analogous to FC.All definitions previously discussed are based only on common belief and individualintention. Indeed, different approaches to communication are possible. One might argue thatthe reason for communicating something is not that the content of communication becomescommon belief, but rather that the speaker becomes committed to such a content in front ofthe audience. For example, one may regard the utterance �I am tired� not as the speaker�sattempt to convince the audience that she is tired, but rather as an action that commits thespeaker to carry on her interaction with the audience as if she were tired. However, I shall notpursue this approach here, because it presupposes a suitable formalization of the notion ofcommitment, which lies outside of the scope of this article.Another possible objection to my view of communication is that it might seem adequateonly for assertive communicative acts, that is, acts that communicate that something is thecase. The utterance �I am tired� conforms to this type, but what about questions, requests,promises, an so on? Consider for example the request �Close the door�, made by a to asecond individual b. If we take the content of the request to bej = �b closes the door�,then FC does not discriminate the request from a communicative act in which a simply assertsthat b is closing the door. This problem, however, has to do not with communication per se,but with what we understand its content to be. It appears that to accommodate nonassertivecommunicative acts it is necessary to include in what I have called content also theillocutionary force of a speech act (Austin, 1962; Searle, 1969), that is, the fact that it countsas an assertion, or a request, etc. Again, a detailed development of this point is beyond thescope of the present article (but see Airenti, Bara and Colombetti, 1993).In the following sections I show that starting from the intuition underlying FC it is possibleto build a modal logic of communication. More precisely, I show that given a suitable modallogic of individual beliefs and intentions, one can extend it to a sound and complete modallogic of communication. The extension is obtained by adding new modal operators to theformal language, and by relating them to the original operators through axioms and inferencerules. The circularity of the notion of communication will be reflected in the structure of suchaxioms and inference rules, which in turn correspond to a suitable construction on thesemantic side. Thus, the definition of communication will be technically similar to the bynow well-known circular definition of common belief.My workplan presupposes the development of a modal logic of individual beliefs andintentions. While various options are available for belief, no generally accepted logic of

Marco Colombetti A modal logic of intentional communication7intention exists yet, and this paper is not going to change the situation. Luckily, the analysisof communication can be founded only on very general properties of intention; it is thusunnecessary to rely on a full-fledged theory of such a mental state in order to gain sufficientinsight into communication. In particular, I shall not deal with aspects involving time, andshall provide a barely minimal treatment of the inter-relationships between beliefs andintentions.3.Belief and IntentionThe formal language L0To define the basic logic of belief and intention, BI0, let us start from a propositional modallanguage L0 based on a finite or denumerable set, P = {p, q, r, ...}, of propositional constants,on the propositional connectives ~ and �, and on two families of modal operators, (Ba)a˛Aand (Ia)a˛A, where A = {1, ..., n} is a finite set of agents. Sentences in L0 will be denoted bythe small Greek letters j, y, c; parentheses will be used as usual to clarify the structure ofsentences.The most intuitive interpretations of Baj and Iaj are that agent a believes that j andintends that j, respectively. Given this reading, it might look odd that the operator Ia isapplied to arbitrary sentences; it seems that not any proposition, but only propositions thatdescribe actions performed by a, can legitimately be the object of a�s intentions. It isimportant, however, not to be led astray by the intuitive reading: the only correctinterpretation of modal sentences is the one enforced by the formal semantics of L0. As weshall see below, Baj holds if and only if j is true in all states of affairs compatible with a�scurrent beliefs, and Iaj holds if and only if j is true in all states of affairs compatible with a�scurrent intentions. With such an interpretation, it becomes perfectly acceptable to apply anintention operator to arbitrary sentences. For example, if j means that the door is closed, Iajshould be read as �a intends to act in such a way that he or she brings about a state of affairsin which the door is closed�. More simply and idiomatically, I shall usually rephrase this as �aintends to close the door�; however, we should always keep the correct reading in mind.Semantics of L0For language L0, let us define a Kripkean semantics. A frame for L0 is an (2n+1)-tupleF = ÆW,(Ba)a˛A,(Ia)a˛Aæ, where W = {w, w�, w�, ...} is a nonempty set of possible worlds, andBa, I a ˝ W2, for a ˛A , a r e accessibility relations. Intuitively, possible worlds arecomprehensive states of affairs, wBaw� means that w� is compatible with a�s beliefs at w, andwIaw� means that w� is compatible with a�s intentions at w.A model for L0 is a pair M = ÆF,væ = ÆW,(Ba)a˛A,(Ia)a˛A,væ, where F is a frame and thevaluation v: P fi P(W) is a function assigning a proposition4 v(p) ˝ W to each propositionalconstant p˛P. Given a model M, we can recursively define an interpretation function [—]M,which assigns a proposition to each sentence:

4A proposition is defined extensionally as an arbitrary subset of W.

Marco Colombetti A modal logic of intentional communication8[p]M = v(p), for all p˛P,[~j]M = W — [j]M,[j � y]M = [j]M ˙ [y]M,[Baj]M = {w˛W: wBaw� � w�˛[j]M},[Iaj]M = {w˛W: wIaw� � w�˛[j]M}.The connectives �, �, and ” are introduced as abbreviations in the customary way.As usual, I say that j is true in a model M at world w, in symbols M,w | = j, if and only ifw˛[j]M; that j is true in a model M, in symbols M | = j, if and only if M,w | = j for all w˛W;and that j is valid (with respect to a reference class of models M), in symbols | = j, if and onlyif M | = j for all models M˛M.The minimal normal system for L0The class of all models (with no restrictions on the underlying frames) determines5 theminimal normal system based on following axioms and inference rules::(P)All propositional tautologies,(KB)Baj � Ba(j � y) � Bay,(KI)Iaj � Ia(j � y) � Iay,(RMP)

φ , φ ⊃ ψ ψ

,(RNB)

φB^aφ

,(RNI)

φIaφ

.The adoption of a normal logic for both belief and intention needs some justification. As iswell known (see for example Chellas, 1980), if a modal operator O has a normal logic, it hasthe monotonicity property, expressed by the following derived inference rule:6(RMO)

φ ⊃ ψ Oφ ⊃ Oψ

.When O is the belief operator Ba, monotonicity brings in the famous problem of logicalomniscience. Many proposals have been put forward with the aim of avoiding this difficulty,but none has gained universal acceptance. In this article, I shall not further discuss thismatter.

5A class of models M is said to determine a system S if and only if S is sound and complete with respect toM.6For a formal system S, a derived inference rule is an inference rule which is not part of the definition of S,but can be added to S without properly extending the set of theorems.

Marco Colombetti A modal logic of intentional communication9The adoption of a normal logic for intention is even more controversial. In fact,monotonicity of intention is judged to be unacceptable by several authors (see for exampleKonolige and Pollack, 1993). The typical argument goes like this. Suppose that a dentistintends to drill a patient�s molar. Given that drilling a molar implies causing pain, we canderive that the dentist intends to cause pain, which in general is not true. Therefore, normalsystems are not adequate to formalize the concept of intention.The argument, however, is flawed. The fact that drilling molars causes pain is not a logicaltheorem, but just a truth relative to some particular models, as it is logically possible to drill amolar without causing any pain. To stress this point, consider a genuine logical theorem:since a molar is a type of tooth, drilling a molar implies drilling a tooth. Any normal logic ofintention will allow us to derive that if a dentist intends to drill a molar, then he or she intendsto drill a tooth: but this is correct.Another possible objection regards the rule of necessitation. Even if it is acceptable toderive that any agent believes in all theorems, it seems awkward to assume that any agentintends all theorems. As I have already remarked, however, we should be very careful withour reading of Iaj. What the rule of necessitation really says is that all theorems hold at allstates of affairs that an agent might intend to bring about: again, an entirely acceptableassumption.The system BI0Let me now proceed to the more specific axioms for belief and intention. Following a well-established tradition, I assume the logic of each Ba operator to be KD45n. This means that thefollowing axioms hold:(DB)Baj � ~Ba~j,(4B)Baj � BaBaj,(5B)~Baj � Ba~Baj.These axioms respectively express the assumptions of coherence, positive introspection andnegative introspection of belief. I assume the same properties for intention:7(DI)Iaj � ~Ia~j,(4IB)Iaj � BaIaj,(5IB)~Iaj � Ba~Iaj.Axiom DI expresses a reasonable coherence requirement on intentions: an agent cannotintend both j and ~j at the same time; this is one of the properties which distinguishintentions from weaker volitional mental states, like desires. As regards Axioms 4IB and 5IB,they imply a complete introspective belief of the agent�s intention; if we identify belief withawareness, the possibility of unconscious intentions is ruled out. I would, however, suggestt h a t w e r e s i s t t h i s t e m p t a t i o n : a s d e f i n e d t h r o u g h m o d a l l o g i c , b e l i e f i s a v e r y a b s t r a c t concept, and its identification with the psychological state of awareness is not licensed.To summarize, the normal system BI0 is defined by the axioms:

7Note that by positive (negative) introspection of intention I mean that positive (negative) intentions can beimported into the context of a belief operator.

Marco Colombetti A modal logic of intentional communication10P, KB, DB, 4B, 5B, KI, DI, 4IB, and 5IB,and by the inference rules:RMP, RNB, and RNI.Theorems of BI0 will be denoted by | - j.Correspondences and determinationAll specific axioms of BI0 have first-order correspondences (van der Hoek, 1993), which Ilist below (free variables in the correspondence formulae are universally quantified over W):axiomcorrespondenceDBBa is serial: $w� . wBaw�;4BBa is transitive: wBaw� & w�Baw� � wBaw�;5BBa is Euclidean: wBaw� & wBaw� � w�Baw�;DIIa is serial: $w� . wIaw�;4IBIa is transitive over Ba: wBaw� & w�Iaw� � wIaw�;5IBIa is Euclidean over Ba: wBaw� & wIaw� � w�Iaw�.As usual, I rely on correspondences to define the reference class of models: the class ofmodels for BI0, denoted by BI, is made up by all models whose underlying frames satisfy allthe above conditions. Validity with respect to BI will be denoted by | = j.It is easy to see that the class of models BI determines the system BI0. Given the abovecorrespondences BI0 is obviously sound. Moreover, van der Hoek (1993) has proved that thesix specific axioms I have adopted for BI0 are canonical; that is, they are true in all modelsbuilt by adding arbitrary valuations to the canonical frame.8 This is sufficient to guaranteethat the canonical model of BI0 belongs to BI, and therefore that BI0 is complete.A few basic properties of belief and intentionOnly a few theorems of BI0 are relevant to the rest of this paper. The first two such theoremstell us that an agent entertains a belief (intention) if the agent believes that he or sheentertains it; in symbols| - BaBaj � Baj,| - BaIaj � Iaj.The proofs are elementary, and involve Axioms DB and 5B (for the first theorem), andAxioms DB and 5IB (for the second theorem). Considering Axioms 4B and 4IB, we then derivethat:| - Baj ” BaBaj,| - Iaj ” BaIaj.

8The canonical frame is the frame underlying the canonical model (for details, see van der Hoek, 1993).

Marco Colombetti A modal logic of intentional communication114.Common BeliefI now define the logic BI1 (of belief, intention, and common belief) as an extension of BI0.The formal language L1Let us extend language L0 by adding two more modal operators, BE and B* , with thefollowing intended interpretations:¥BEj means that everybody (i.e., each agent in A) believes that j;¥B*j means that j is a common belief (of A).BE is also known as the shared belief operator. The language thus obtained will be denoted byL1.Semantics of L1I shall follow the most recent treatments of shared and common belief, by introducing thefollowing relations between possible worlds:¥BE = ¨a˛A Ba;¥B* = BE*, where the operator * denotes the transitive closure of a relation.9The interpretation of BEj and B*j is then defined in the obvious way:[BEj]M = {w˛W: wBEw� � w�˛[j]M},[B*j]M = {w˛W: wB*w� � w�˛[j]M}.The reference class of models for BI1 is still BI (supplemented with the above definitions ofBE and B*). Validity of sentences of L1 with respect to BI is again denoted by | = j.The system BI1I define BI1 as the system obtained by supplementing BI0 with the two axioms:(EB)BEj ” �a˛A Baj,(FFB)B*j � BE(j � B*j),and the inference rule:(RIB)

ψ ⊃ BE(φ ∧ ψ ) ψ ⊃ B*φ

.I call FFB the forward fixpoint axiom (for common belief), and RIB the rule of induction (forcommon belief). Theorems of BI1 are still denoted by | - j.It is easy to check that BI1 is sound with respect to BI: EB is obviously true in all modelsof BI, given the definition of BE; FFB is true in all models such that the accessibility relation

9The transitive closure of a binary relation R is defined as the least transitive extension of R.

Marco Colombetti A modal logic of intentional communication12of B* contains the transitive closure of BE; and RIB is valid if the accessibility relation of B* iscontained in the transitive closure of BE.It is well known that various multi-agent epistemic logics are still sound and completewhen they are augmented with EB, FFB, and RIB (Halpern and Moses, 1992; see Lismont andMongin, 1995, and Bonanno, 1996, for completeness proofs of similar systems). To myknowledge, however, a full completeness proof for such an extension of KD45n is notavailable in the literature; in any case, no completeness proof exists for a logic of belief,common belief and intention. In the Appendix, I adapt a proof by Lismont and Mongin(1995) to a completeness proof of my logic of communication (see next section); from this, acompleteness proof for BI1 can be extracted.5.CommunicationI now extend BI1 to the logic BI2 (of belief, intention, common belief, and communication).The starting point to define communication is the fixpoint axiom(FC)Caj ” B*(j � IaCaj),conceptually justified in Section 2. First we have to augment our formal language.The formal language L2Let us extend language L1 by adding one more family of modal operators, (Ca)a˛A, with thefollowing intended interpretation:¥Caj means that agent a, the s p e a k e r , communicates that j to all agents in A—{a}, theaudience.The language thus obtained will be denoted by L2.Semantics of L2I want now to define the semantics of L2 according to the following requirements:10(i)if possible, Ca should be given a Kripkean semantics within the class of models BI;(ii)the semantics of Ca should enforce the validity of the fixpoint axiom FC;(iii)if more than one definition satisfies (i) and (ii), then the semantics of Ca should bemade as weak as possible (i.e., Caj should be true at the largest set of possibleworlds, compatibly with (i) and (ii)).Requirement (i) is met by defining the semantics of Ca in terms of an accessibility relation Cain the usual way:[Caj]M = {w˛W: wCaw� � w�˛[j]M},

10A similar approach could be adopted to define the semantics of common belief. I have not followed itbecause it would just lead to the well-known definition of the accessibility relation for common belief interms of transitive closure.

Marco Colombetti A modal logic of intentional communication13provided we can find a relation Ca that meets the other requirements. To satisfy requirement(ii), let us define the function:ga: P(W2) fi P(W2),ga(R) = B* ¨ (B* � Ia � R),where � denotes the composition of binary relations.11The function ga maps binary relations on W onto binary relations on W. It is easy to verifythat for the fixpoint axiom FC to be valid in a class of frames, it is necessary and sufficientthat the accessibility relation Ca be a fixpoint of ga:ga(Ca) = Ca.The function ga is monotonic; that is:R ˝ S � ga(R) ˝ ga(S).Given that ÆP(W2),˝æ is a complete lattice, it follows from Tarski�s fixpoint theorem (1955)that the set of fixpoints of ga, fix(ga), is not empty, and is itself a complete lattice with respectto ˝. In general, fix(ga) will contain more than one element; this means that the fixpointaxiom FC, by itself, is not sufficient to characterize communication unambiguously, asanticipated in the Introduction.We are now left with requirement (iii). Given that Æfix(ga),˝æ is a complete lattice, ga has aleast fixpoint, ˙fix(ga), which is the smallest relation satisfying ga(Ca) = Ca. The threerequirements for Ca are thus met if we define Ca as:Ca = ˙fix(ga).It remains now to see whether we can characterize Ca in a more constructive way. In fact, thefunction ga is upward continuous; that is, for any increasing chain R0 ˝ R1 ˝ ... ˝ Rn ˝ ...,we havega(¨nRn) = ¨nga(Rn).Therefore, the least fixpoint of ga is the limit of the chain:R0 = fl,Rn+1 = ga(Rn).Such a limit is given by the relation:Ca = B* ¨ (B*�Ia�B*) ¨ (B*�Ia�B*�Ia�B*) ¨ ... = B* � (1 ¨ ( Ia�B*)*),

11I remind the reader that the composition R � S of two binary relations R and S is defined as follows:x(R �S)y � $z . xRz & zSy.

Marco Colombetti A modal logic of intentional communication14where 1 denotes the identity relation. We now have a full Kripkean semantics for BI2. Thereference class of models for BI2 is still BI (supplemented with the above definition of Ca). Icontinue to denote valid sentences of L2 by | = j.The system BI2The modal system BI2 is defined by adding to BI1 the forward fixpoint axiom forcommunication,(FFC)Caj � B*(j � IaCaj),and the rule of induction for communication,(RIC)

ψ ⊃ B*(φ ∧ Iaψ ) ψ ⊃ Caφ

.Theorems of BI2 will still be denoted by | - j.Again, it is easy to check that BI2 is sound with respect to B I : FFC is true in all modelss u c h t h a t t h e a c c e s s i b i l i t y r e l a t i o n o f Ca contains the relation C a defined in the previoussubsection; and RIC is valid if the accessibility relation of Ca is contained in such relation Ca.In the Appendix, I prove that BI2 is also complete with respect to BI.As we should expect, FC is a theorem of BI2: the implication from left to right is FFC, andits converse can be proved by RIC. The repeated use of FFC allows us to derive the followingtheorems:| - Caj � B*j,| - Caj � B*IaB*j,| - Caj � B*IaB*IaB*j,| - ... .As one can observe, the first theorem states that the main effect the speaker wants to obtainthrough communication (i.e., that j be common belief) has been achieved; the secondtheorem represents the achievement of a Gricean condition (i.e., that the intention to obtainthe main effect also be common belief); the third theorem represents the achievement of aStrawsonian condition; and the further theorems represent the achievement of analogousconditions, for all higher orders.In the next section, I prove further properties of communication.6.Some properties of communicationBefore proving a few facts about communication, I shall introduce some new terminology.Basically, I define terms to qualify sentences for which certain kinds of theorems can beproved in the logic. The main reason for doing so is to identify a number of concepts thatplay an important role in the treatment of communication.Let us consider the theorems of the form| - y � BEj.

Marco Colombetti A modal logic of intentional communication15If such a theorem can be proved for given sentences y and j, we can think of y as describingan event that makes j evident to all agents. In such a case, I say that y displays j. Wheny = j, that is when| - j � BEj.I follow the existing practice and call j public. When j is public, it follows immediatelyfrom RIB (with y = j) that| - j � B*j.Let us now consider the theorems of the form| - j � Iaj.If such a theorem can be proved for a given sentence j, I say that j is intentional.Interestingly, when j is intentional we can regard it as describing an action performed byagent a: in fact, actions are basically those propositions for which being intentional is aconstitutive property. Therefore, when j � Iaj is a theorem I shall also say that j describesan action (by a).Finally, I want to define the concept of a communicative act. This is simply an action thatimplies the communication that j, for some given sentence j. More precisely, y describes a(j-)communicative act (by a) if and only if:| - y � (Iay � Caj).An alternative characterization of communicationAs defined so far, communication has a number of interesting properties. The first one, whichis an immediate consequence of FFC, is that communication implies common belief:(C1)| - Caj � B*j.This is certainly reasonable when communication is of the assertive type (and probably alsoin a more general context: see Section 2). Instead, the converse implication, B*j � C aj , isn o t a t h e o r e m o f B I 2, as can be shown by a countermodel; this guarantees thatcommunication does not merely coincide with common belief.The second important property is that communication is intentional. From FFC, FFB , andEB we derive that | - Caj � BaIaCaj, from which, by the theorem | - BaIaj � Iaj (Section 3),we derive:(C2)| - Caj � IaCaj.The converse implication, IaCaj � C aj , is not a theorem of BI2; hence, the intention tocommunicate, by itself, is not sufficient to realize communication.A third property is that communication is public; that is:(C3)| - Caj � BECaj.This is a consequence of FC, through the theorem | - B*j � BEB *j . From C3 we then deriveby induction that:(C3�)| - Caj � B*Ca j.

Marco Colombetti A modal logic of intentional communication16In this case, the converse implications hold:(C4)| - BECaj � Caj,(C4�)| - B*Caj � Caj.Theorem C4 is a consequence of FC, through the theorem | - BEB*j � B*j, and C4� is a directconsequence of C4. Property C4 is very interesting, because it shows that there is nothingreally �objective� in communication: if all agents individually believe that communicationtakes place, then communication does actually take place.It is also possible to show that Caj is the weakest statement in BI2 that implies mutualbelief that j, and is both intentional and public. That is, if there is a statement y for which thefollowing theorems can be proved:| - y � B*j,| - y � Iay,| - y � BEy,then it follows that:| - y � Caj.We can restate this condition in the form of a derived inference rule:(C5)

ψ ⊃ B*φ ,ψ ⊃ Iaψ ,ψ ⊃ BEψ ψ ⊃ Caφ

.To prove the validity of C5, it is sufficient to remark that if y satisfies the assumption of C5,then it also satisfies the assumption of RIC (apply RIB to y � BE y , and the monotonicityproperty of B* t o y � Iay). We have now an interesting alternative characterization ofcommunication: in BI2, Caj is the weakest intentional and public statement that implies thecommon belief that j.The fact that communication is intentional suggests that the statement Caj describes somekind of action. However, a sentence of the form Caj need not by itself describe a basicaction.12 In general, to communicate that j one has to perform some lower-level action y thatrealizes Caj ; typically, y will be some action conventionally expressing a meaning, likeraising one�s hand, or ringing a bell, or uttering a sentence in a natural language. We nowface a fundamental problem: under what conditions does a lower-level action realize acommunicative act?

12A basic action is an action that can be performed immediately, with no need of a lower-level action torealize it. Examples of basic actions are raising one�s arm and emitting a sequence of vocal sounds.

Marco Colombetti A modal logic of intentional communication17One such a set of conditions is shown by rule C5: an intentional statement describes a j-communicative act if it is public and it implies the common belief that j. However, we canprove the validity of a more interesting inference rule, which I shall call the rule ofcommunication:(RC)

ψ ⊃ Iaψ ,ψ ⊃ BE(φ ∧ ψ ) ψ ⊃ Caφ

.The derivation of RC is immediate: From y � BE(j � y) we derive through RIC t h a t y � B*(j � y). From this and y � Iay, we then derive that y � B*(j � Iay), and from thiswe derive by RIC that y � Caj.The rule of communication can be paraphrased as follows: a sufficient condition for anintentional statement y to describe a j-communicative act is that y is public and displays j.Now we can go back to the problem I have put forward in the Introduction: how can agentsinfer communication from individual beliefs? The answer comes by combining RC with C4(exploiting the monotonicity of BE); we thus derive the inference rule:(RC�)

ψ ⊃ Iaψ ,ψ ⊃ BE(φ ∧ ψ ) BEψ ⊃ Caφ

,which says that if an intentional statement y is public and displays j, for j to becommunicated it is sufficient that the speaker and all agents in the audience individuallybelieve that y is performed. This rule gives a possible solution to the problem of inferringcommunication from individual beliefs.7.DiscussionWithin an appropriate propositional modal logic, I have defined the proposition �acommunicates that j� as the largest set of possible worlds at which it is common belief thatj, and that a intends to communicate that j. On the basis of such a definition, I have givensufficient conditions for an action to be communicative, and for communication to take place.It seems that the two rules of communication presented in Section 6, RC and RC�, bring uscloser to understanding how one can communicate something by performing a lower-levelaction. For example, let us assume that intentionally raising one�s arm in the appropriatecontext (y) expresses the request to ask a question (j). Let us further suppose that in thepreviously mentioned �appropriate context� we can safely assume that raising one�s arm isintentional and public. If Alice intentionally raises her arm in such a context, we can deriveby RC that Alice communicates to her audience the request to ask a question. It is important to interpret this result correctly. The rules of communication do not saythat, for any model M, a communicates that j by performing y at any world of M wherey � Iay and y � BE(j � y ) are true (in fact, this statement is false, as it can be shownthrough a counterexample). Rather, they prove a weaker assertion: namely, that a com-municates that j by performing y at all worlds of all models, if y � Iay and y � BE(j � y)are true at all worlds of all models. Going back to the previous example, this means that theremust be no exception to the fact that raising one�s arm in the appropriate context isintentional, is public, and displays the request to ask a question.

Marco Colombetti A modal logic of intentional communication18These considerations show that the rule of communication requires a communicative act tobe construed as a very abstract act type — so abstract that it might seem completelyunrealistic. This degree of abstraction is however common to many formal theories of humanaction. Typically, such theories are built on a formal language containing a class ofexpressions that describe actions; for the sake of our present discussion, let such expressionshave the form do(a,e), where a names the agent and e denotes the action performed. Thetheory will typically then contain an axiom likedo(a,e) � Ia do(a,e),stating that actions are intentional. But this is precisely my requirement on statements thatdescribe actions. Similar considerations apply to the other assumptions I have exploited toprovide conditions for communication. All such conditions are very strong, because they areexpressed in terms of theoremhood, and not of truth at a specific world.This limitation reflects a very basic fact: no concrete data about a specific act token can besufficient to logically prove that a communicative act has been performed. Let us go backagain to the arm raising example. In a concrete situation, if Alice�s arm goes up, her audiencecannot establish beyond any doubt that Alice raised her arm intentionally, and that she did soin order to mean �I�d like to ask a question�. Therefore, that Alice performed acommunicative act cannot be established as a logical theorem. As a consequence of suchconsiderations, it would seem as if the recognition of a communicative act could only bebased on some kind of nonmonotonic reasoning, allowing the audience to jump toconclusions that would not be fully licensed from a strictly logical point of view (see alsoPerrault , 1990, and Airenti et al., 1993). For example, agents might exploit rules of thefollowing type:¥raising one�s arm is intentional by default;¥raising one�s arm in the appropriate context (e.g., when every agent can observe everyother agent) is public by default;¥raising one�s arm in the appropriate context (e.g., during a lecture) by default displaysthe request to ask a question.To find out which kind of nonmonotonic logic is best suited for this type of problems is aninteresting topic for future investigation.Another interesting research issue is the connection between communication and beliefrevision. In this article I have completely neglected the temporal dimension, but of course themain reason for a speaker to communicate something is to change the mental state of his orher audience. I expect that taking into account the intentional aspects of human interactionwill make it possible to provide a more realistic model of the process by which a group ofagents can reach a reasonably shared view of the world, which in turn is a necessaryprecondition for various types of cooperative and competitive interaction.

Marco Colombetti A modal logic of intentional communication19Appendix: Proof of Completeness for BI2To prove the completeness of BI2, I adapt a similar proof by Lismont and Mongin (1995;henceforward LM).Preliminary elementsGiven a propositional multi-modal language L based on a set P of propositional constants,and a sentence j˛L, the depth, dp(j), of j is defined as:¥dp(p) = 0, for all p˛P;¥dp(~j) = dp(j);¥dp(j # y) = max(dp(j),dp(y)), where # is any binary Boolean connective;¥dp(Oj) = dp(j)+1, where O is any modal operator.For any sentence c˛L, the set L[c] is defined as the set of all sentences j˛L, built from thepropositional constants occurring in c, and such that dp(j) £ dp(c).Given a multi-modal logical system S based on L, a subset G˝L[c] is said to be S[c]-maximal consistent if and only if: G is S-consistent, and G¨{j} is S-inconsistent for allj˛L[c] such that jˇG. The set of all S[c]-maximal consistent sets will be denoted byMaxConS[c], and the set of all S[c]-maximal consistent sets containing a given sentencej˛L[c] will be denoted by [j]S[c]. Note that if G˛MaxConS[c], then:¥j˛G if and only if G˛[j]S[c];¥j˛G if and only if j˛L[c] and G | - j.Some properties of S[c]-maximal consistent setsThe S[c]-maximal consistent sets are related to the classical maximal consistent sets in thefollowing way: MaxConS[c] is the set of all intersections G�˙L[c], where G� ranges over theset of all S-maximal consistent subsets of L. An important consequence is:Lemma 1. For any sentence c:[c]S[c] = MaxConS[c] � | - c.Proof. If [c]S[c] = MaxConS[c], then c˛G for all S[c]-maximal consistent sets G. Hencec˛G�˙L[c] for all S-maximal consistent sets G�, which implies | - c. ¥The following is Lemma 2 by LM:Lemma 2. For any sentence c:(1)The set MaxConS[c] is finite.(2)For any set X ˝ MaxConS[c], there is a sentence j˛L[c] such that [j]S[c] = X.(3)For all j, y˛L[c], [j]S[c] ˝ [y]S[c] � | - j � y. ¥

Marco Colombetti A modal logic of intentional communication20S[c]-canonical modelsGiven a sentence c˛L, a S[c]-canonical model is a model Mc built in the following way:¥the set of possible worlds of Mc is MaxConS[c] (possible worlds therefore coincide withS[c]-maximal consistent sets);¥the valuation v of Mc is defined by v(p) = [p]S[c].This far, the accessibility relations of Mc are not specified.Plan of the completeness proofGiven a language L, a reference class of models M for L, and a logical system S based on L,suppose that for each sentence c˛L we are able to build a S[c]-canonical model Mc suchthat:(i)Mc belongs to M;(ii)for all sentences j˛L[c], [j]Mc = [j]S[c].It follows that S is complete (with respect to M). In fact, for a given sentence c˛L, let usassume that | = c; then, by (i), Mc | = c. This implies that [c]Mc = MaxConS[c], and therefore, by(ii), [c]S[c] = MaxConS[c], which in turn implies | - c by Lemma 1.To prove the completeness of BI2, for each sentence c˛L I first define a BI2[c]-canonicalmodel Mc, so that it belongs to BI. Then I prove (ii), the so-called �fundamental lemma�.The BI2[c]-canonical modelGiven a sentence c of L2, we already know how to define the set of possible worlds and thevaluation of Mc. As for the accessibility relations, let me first introduce the relations Ra andSa in the following way:¥GRaD � {j˛L2[c]: G | - Baj} ˝ D;¥GSaD � {j˛L2[c]: G | - Iaj} ˝ D.I now define the accessibility relations Ba and Ia of Mc as follows13:GBaD � $n‡0 . G(Ra�)n �RaD,GIaD � $n‡0 . G(Ra�)n �SaD,where by Ra� I denote the union of Ra and of its converse R a—1 (the converse R—1 of a binaryrelation R is defined by: xR—1y if and only if yRx).Let us check that the model Mc belongs to BI.

13It is possible to prove that B a is the transitive and Euclidean closure of Ra, that is, the least transitive andEuclidean extension of Ra. However, this fact is not relevant to the current completness proof. Analogously,Ia is the transitive and Euclidean closure of Sa over Ra, that is, the least extension of Sa which is transitiveover Ra and Euclidean over Ra.

Marco Colombetti A modal logic of intentional communication21Lemma 3. Mc belongs to BI.Proof. I have only to check that the accessibility relations have the required properties:(1)Ba is serial, because it extends R a, which is a serial relation. To prove that Ra isserial, I have to show that for all G˛MaxConS[c] there is a D˛MaxConS[c] such that{j˛L2[c]: G | - Baj} ˝ D.The set on the left is not empty (thanks to RNB) and consistent (thanks to DB).Therefore it can be extended to a BI2[c]-maximal consistent set D.(2)Ba is transitive, that is, Ba�Ba ˝ Ba: GBa�BaD � $i‡0 $k‡0 . G(Ra�)i �Ra�(Ra�)k �RaD� $n‡0 . G(Ra�)n �RaD � GBaD(3)Ba is Euclidean, that is, Ba—1 �Ba ˝ Ba: GBa—1 �BaD � $i‡0 $k‡0 . GRa—1 �(Ra�)i �(Ra�)k �RaD� $n‡0 . G(Ra�)n �RaD � GBaD(4)Ia is serial, because it includes S a, which is a serial relation. That S a is serial isproved by an argument similar to case (1) above, based on RNI and DI.(5)Ia is transitive over B a, that is, Ba � Ia ˝ Ia: the proof is analogous to case (2)above.(6)Ia is Euclidean over Ba, that is, Ba—1 � Ia ˝ Ia: analogous to case (3) above. ¥The completeness of BI2To prove the completeness of BI2, I have now to prove the fundamental lemma: for allsentences j˛L2[c], [j]Mc = [j]BI2[c]. From now on, the indexes �Mc� and �BI2[c]� are droppedto improve readability.Before I proceed further, let me introduce some helpful notation (following LM). Let L bea multi-modal language with Kripkean semantics. For each modal operator O, withaccessibility relation R, I define a function r: P(W) fi P(W) associated to R as:r(X) = {w˛W: wRw� � w�˛X}.It follows that:[Oj]M = r([j]M).It is easy to prove that r is downward continuous; that is, for any decreasing chain X0 ˚ X1 ˚ ... ˚ Xn ˚ ...,we haver(˙nXn) = ˙nr(Xn).This implies that r is monotone:X ˝ Y � r(X) ˝ r(Y).

Marco Colombetti A modal logic of intentional communication22Moreover, if R and S are two accessibility relations on W, and r and s are the two functionsrespectively associated to R and S, we have:r(s(X)) = {w˛W: wR �Sw� � w�˛X}.The functions associated to Ba, Ia, BE , B* , and Ca will be respectively denoted by ba, ia, bE,b*, and ca. We have the following lemma.Lemma 4. In all models of L2, the following equations hold:(1)bE(X) = ˙a˛Aba(X);(2)b*(X) = ¨{Y: Y ˝ bE(X ˙ Y)};(3)ca(X) = ¨{Y: Y ˝ b*(X ˙ ia(Y))}.Proof.(1)The equation follows easily from the definition of BE.(2)From the definition of b* and B* and the properties of bE it is easy to derive thatb*(X) = ˙n>0 bEn(X).From the monotonicity of bE we also derive thatY ˝ ˙n>0 bEn(X) � Y ˝ bE(X ˙ Y).Hence the conclusion.(3)Analogous to case (2) above, from the definitions of ca and Ca and the properties ofb* and ia. ¥We are now ready to prove some important properties of Mc.Lemma 5. For all j˛L2[c], such that dp(j) < dp(c), the following equations hold:(1)[Baj]= {G˛MaxConS[c]: GRaD � D˛[j]};(2)[Iaj]= {G˛MaxConS[c]: GSaD � D˛[j]}.(3)[Baj]= ba([j]);(4)[Iaj]= ia([j]);(5)[BEj]= bE([j]);(6)[B*j]= b*([j]);(7)[Caj]= ca([j]).Proof.(1, 2) See Lemma 6(2) by LM.(3)The proof is similar to the one provided by LM (p. 146). Taking into account case(1) above and the definition of ba([j]), I have to prove that:(GRaD � D˛[j]) � (GBaD � D˛[j]).Given that Ra˝Ba, the implication from right to left is obvious. To show that theconverse implication also holds, I prove that, for any n‡0,

Marco Colombetti A modal logic of intentional communication23(*)(GRaD � D˛[j]) & G(Ra�)n �RaD � D˛[j],To do so, let me first consider two immediately subsequent worlds, G� and G�, on aRa�-path from G to D; then, either G�RaG� or G�RaG�. I show that in both cases thesentence Baj can be �pushed� from G� to G�; that is, if Baj˛G�, then Baj˛G�. Infact, assume that Baj˛G�, and consider the case G�RaG�. By 4B, we haveG� | - BaBaj , and therefore Baj˛G�. Alternatively, assume that Baj˛G�, andconsider the case G�RaG�. If BajˇG�, by maximality we have ~Baj˛G�; then, by5B,,G� | - Ba~Baj, and hence ~Baj˛G�, contrary to the assumption.Now, assume the antecedent of (*). From case (1) we have Baj˛G. By the previousargument, we have that Baj can be pushed along the Ra�-path, until we reach a wordD� such that D�RaD and Baj˛D�. The conclusion follows immediately.(4)The proof is analogous to that of case (3). Taking into account case (2) above andthe definition of ia([j]), I have to show that:(GSaD � D˛[j]) � (GIaD � D˛[j]).Given that Sa˝Ia, the implication from right to left is obvious. To show that theconverse also holds, I prove that, for n‡0,(GSaD � D˛[j]) & G(Ra�)n �SaD � D˛[j].Assume the antecedent. From case (2) we have Iaj˛G and, by 4IB, G | - BaIaj. Anargument similar to that of case (1), based on 4IB and 5IB, shows that we can push thesentence Iaj until we reach D� such that Iaj˛D� and D�SaD, from which we derivethe conclusion.(5)By Axiom EB we have that [BEj ] = ˙a˛A[Baj]. The conclusion follows from case(3) above and Lemma 4(1).(6)Let me first show that for all G˛MaxConS[c]:(**)B*j˛G � $y˛L2[c] . y˛G & [y] ˝ bE([j] ˙ [y]).Left to right. Let y = B*j ; t h e n o b v i o u s l y y˛L2[c] and y˛G. Moreover, byFFB, | - y � BE(j � y), which implies [y] ˝ bE([j] ˙ [y]) by Lemma 2(3) and case(5).Right to left. From [y] ˝ bE([j] ˙ [y]), by Lemma 2(3) and case (5) above, we have| - y � BE(j � y). Then, by RIB , we derive | - y � B*j , and hence B*j˛G, becausey˛G and B*j˛L2[c].From (**), we conclude that[B*j] = ¨{[y]: y˛L2[c] & [y] ˝ bE([j] ˙ [y])},from which, through Lemmas 2(2) and 4(2), we derive[B*j] = ¨{Y: Y ˝ bE([j] ˙ Y)} = b*([j]).(7)The proof is analogous to that of case (6) above, and is based on FFC and on RIC ;besides Lemmas 2(2) and 2(3), it exploits Lemma 4(3) and the result of case (6).¥

Marco Colombetti A modal logic of intentional communication24I can now prove the:Fundamental Lemma: [j] = [j].Proof. The proof is by induction on the structure of sentences; throughout the proof,G,D˛MaxConS[c].(1)[p] = v(p) = [p], for all p˛P by the definition of v in Mc;(2)[~j]= MaxConS[c] — [j]by definition,= MaxConS[c] — [j] by the induction hypothesis,= [~j]by maximality;(3)[j # y]= [j # y], for each connective # the proof is analogous to case (2);(4)[Baj]= ba([j])by definition,= ba([j])by the induction hypothesis,= [Baj]by Lemma 5(3);(5)[Iaj]= [Iaj]analogous to case (4), by Lemma 5(4);(6)[BEj]= [BEj]analogous to case (4), by Lemma 5(5);(7)[B*j]= [B*j]analogous to case (4), by Lemma 5(6);(8)[Caj]= [Caj]analogous to case (4), by Lemma 5(7). ¥

Marco Colombetti A modal logic of intentional communication25ReferencesG. Airenti, B.G. Bara and M. Colombetti. Conversation and behavior games in the pragmatics ofdialogue, Cognitive Science 17 (1993) 197—256.J.A. Austin. How to do things with words (Oxford University Press, Oxford, 1962).G. Bonanno. On the logic of common belief, Mathematical Logic Quarterly 42 (1996) 305—311.B.F. Chellas. Modal logic (Cambridge University Press, Cambridge, 1980).P.R. Cohen and H.J. Levesque. Rational interaction as a basis for communication. In: P.R. Cohen, J.Morgan and M.E. Pollack, eds., Intentions in communication (MIT Press, Cambridge, MA, 1990)pp. 221—255.H.P. Grice. Meaning, Philosophical Review 67 (1957) 377—388.J.Y. Halpern and Y. Moses. A guide to completeness and complexity for modal logics of knowledgeand belief, Artificial Intelligence 54 (1992) 319—379.K. Konolige and M.E. Pollack. A representational theory of intention, Proceedings of the AAAI SpringSymposium on Reasoning about Mental States (AAAI Press, Menlo Park, CA, 1993) pp. 178—188.D.K. Lewis. Convention: A philosophical study (Harvard University Press, Cambridge, MA, 1969).L. Lismont and P. Mongin. Belief closure: A semantics of common knowledge for modalpropositional logic, Mathematical Social Sciences 30 (1995) 127—153.C.R. Perrault. An application of default logic to speech act theory. In: P.R. Cohen, J. Morgan andM.E. Pollack,eds., Intentions in communication (MIT Press, Cambridge, MA, 1990) pp. 161—193.S. Schiffer. Meaning (Oxford University Press, Oxford, 1972).J.R. Searle. Speech acts (Cambridge University Press, Cambridge, 1969).C. Shannon and W. Weaver. The mathematical theory of communication (University of Illinois Press,Urbana, IL, 1949).D. Sperber and D. Wilson. Relevance (Basil Blackwell, Oxford, 1986).P. Strawson. Intention and convention in speech acts, Philosophical Review 73 (1964) 439—460.A. Tarski. A lattice-theoretical fixpoint theorem and its applications, Pacific Journal of Mathematics 5(1955) 285—309.W. van der Hoek. Systems of knowledge and belief, Logic and Computation 3 (1993) 173—195.