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Abstract

Purpose — To elaborate a theory for modeling concepts that solves the combination problem, i.e. to
deliver a description of the combination of concepts. We also investigate the so-called “pet fish
problem” in concept research.

Design/methodology/approach — The set of contexts and properties of a concept are embedded in
the complex Hilbert space of quantum mechanics. States are unit vectors or density operators and
context and properties are orthogonal projections.

Findings — The way calculations are done in Hilbert space makes it possible to model how context
influences the state of a concept. Moreover, a solution to the combination problem is proposed. Using
the tensor product, a natural product in Hilbert space mathematics, a procedure for describing
combined concepts is elaborated. This procedure also provides a solution to the pet-fish problem, and
it allows the modeling of a arbitrary number of combined concepts. By way of example, a model for a
simple sentence containing a subject, a predicate and an object, is presented.

Originality/value — The combination problem is considered to be one of the crucial unsolved
problems in concept research. Also the pet-fish problem has not been solved by earlier attempts of
modeling.

Keywords Cybernetics, Mechanical systems, Modelling
Paper type Research paper

1. Introduction

The SCOP theory models a concept as an entity that can be in different states such that
a state changes under the influence of a context The notion of “state of a concept”
makes it possible to describe a specific contextual effect, namely that an exemplar of
the concept has different typicalities and a property of the concept different
applicabilities under different contexts. The experiment put forward by Aerts and
Gabora (2005) illustrates this contextual effect. In this paper, we present a numerical
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mathematical model for the representation of a concept, built with a mathematical A theory of
formalism originally used in quantum mechanics, and we show that the data of the concepts
above-mentioned experiment can be reproduced by the model. Specifically, the model is
built using the Hilbert space of quantum mechanics, states are represented by unit
vectors of this Hilbert space and contexts and properties by projection operators, and
the change of state under the influence of a context is described by von Neumann’s
(1932) “quantum collapse state transformation” in Hilbert space. 177
This paper deals primarily with the question of what happens when concepts
combine. As explained in Aerts and Gabora (2005), known theories of concepts
(prototype, exemplar and theory) cannot deliver a model for the description of the
combination of concepts. We show that the standard quantum mechanical procedure
for the description of the compound of quantum entities, ie. the tensor product
procedure, delivers a description of how concepts combine. Specifically, given the
Hilbert spaces of individual concepts, the combination of these concepts is described by
the tensor product Hilbert space of these individual Hilbert spaces, and the quantum
formalism applied in this tensor product Hilbert space. In this way we work out an
explicit description of the combination of “pet” and “fish” in “pet fish”, and show that
our model describes the guppy effect, and as a consequence solves in a natural way
what has come to be known as the “pet fish problem” (Osherson and Smith, 1981, 1982).
We were amazed to find that not only combinations of concepts like “pet fish”, but
also sentences like “the cat eats the food” can be described in our formalism by
nonproduct vectors of the tensor product (representing the so-called entangled states of
quantum mechanics) of the individual Hilbert spaces corresponding to the concepts in
the combination. It is quantum entanglement that accounts for the most meaningful
combinations of concepts. In the last section of the paper we explain the relation between
our Hilbert space model of concepts and von Foerster’s quantum memory approach.

2. The mathematics for a quantum model
This section introduces the mathematical structure necessary to construct a Hilbert
space representation of a concept.

2.1 Hilbert space and linear operators

A Hilbert space J# is a vector space over the set of complex numbers C, in which case
we call it a complex Hilbert space, or the set of real numbers R, in which case we call it
areal Hilbert space. Thus, the elements of a Hilbert space are vectors. We are interested
in finite dimensional complex or real Hilbert spaces and hence do not give a definition
of an abstract Hilbert space. Let us denote C” to be set of n-tupels (x1, X3, ..., X,—1, %),
where each x;, for 1 = k = n is a complex number. In a real Hilbert space, the elements
x, are real numbers, and the set of z-tupels is denoted by R”. However, we consider the
complex Hilbert space case as our default, because the real Hilbert space case is a
simplified version of it, and its mathematics follows immediately from the complex
case. We define a sum and a multiplication with a complex number as follows. For
(xlaxZ) e )x11—17x11)7 0’1;3&7 e 7yn—17yn) € (D” and a € C? we haVe:

(X1, %2, oo Xy—1, %) + V1,02, -, Vn—1,0n)
(€))
= (X1 +y1, 202+ Y25 o X1 F V-1, %0 + Vn)



K 71379—21/12/2004—RAVICHANDRAN—127843

34,1/2

178

a(xlax27 A 7xn717xn) = (a'xl7a.x27 MR a'x;1717 a'xn) (2)

This makes C" into a complex vector space. We can call the n tupels
(¥1,%2, ..., %,—1,%,) vectors, and they are denoted as |x) € C". We also define an
inproduct between vectors of C" as follows. For |x), [y) € C" we have:

@)y =28y + 0% v+ a1 Y1 + I 3

where x% is the complex conjugate of x;. Clearly the inproduct of two vectors is a
complex number, hence {x|y) € C. For o, 8 € C and [x), ), |z) € C" we have:

(ax + Bylz) = a*(xl2) + B*(l2) “4)

(xlay + Bz) = olxly) + BWI2) (5)

This shows that the inproduct is conjugate linear in the first slot, and linear in the
second slot of the operation {-|-). The complex vector space C" equipped with this
mproduct is an z-dimensional complex Hilbert space. It is important to mention that
any #n-dimensional complex Hilbert space is isomorphic to C”*. The inproduct gives rise
to a length for vectors and an angle between two vectors, i.e. for |x), |y) € C" we
define:

|Gl
[l - Iy

Two non-zero vectors |x), |y) € C" are said to be orthogonal iff {x|y) = 0. Equation (6)
shows that if the inproduct between two non-zero vectors equals zero, the angle
between these vectors is 90°. A linear operator A on C” is a function A : C* — C” such
that

|lxll = /{x[x) and cos(x,y) = (6)

Alalx) + Bly) = aAlx) + BAly) @

It can be proven that for the finite dimensional Hilbert space C” each linear operator A
can be fully described by an X n matrix A;;, 1 =7 = n,1 = j = n of complex numbers,
where:

n n n n
AIx} = (ZAljx]', ZAgjxj, ey ZA,Z_L]‘XJ', ZA”JXJ) (8)
Jj=1 j=1 j=1 j=1

if |x) = (x1,%9, ..., Xu—1,%,). We make no distinction between the linear operator A
and its matrix representation A;. This gives us the necessary ingredients to explain
how states, contexts and properties of a concept are represented in the Hilbert space
model.

2.2 States

There are two types of states in quantum mechanics: pure state and density state A
pure state is represented by a unit vector |x) € C”, i.e. a vector |x) € C" such that
|lx]l = 1. A density state is represented by a density operator p on C”, which is a linear
operator that is self-adjoint. This means that:
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pi = P ©) A theory of

foralls,jsuchthatl =7 < n,1 = j < n. Furthermore, it is semi definite, which means concepts

that {x|plx) = 0 V |x) € C" and its trace, which is the sum of the diagonal elements
of its matrix representation, is equal to 1. Hence

zn:Pii =1L 179
i=1

So, to represent the concept “pet” and the situation described previously using this
quantum model, we determine the dimension # of the Hilbert space, and represent the
states p1,po, ..., P, € 2 of “pet” using unit vectors or density operators of the Hilbert
space C".

2.3 Properties and weights

A property in quantum mechanics is represented by means of a linear operator, which
is an orthogonal projection operator or an orthogonal projector. An orthogonal
projection operator P is also a self-adjoint operator; hence equation (9) must be
satisfied, i.e. P; = P%;. Furthermore for an orthogonal projector, it is necessary that the
square of the operator equals the operator itself. Hence P? = P. Expressed using the
components of the matrix of P, this gives

> PPy = Pi.
=1

This means that to describe the concept “pet” we need to find two orthogonal
projection operators P, and P, of the complex Hilbert space C" that represent the
properties a,b € &.

Let us introduce the quantum mechanical rule for calculating the weights of
properties in different states. If the state p is a pure state represented by a unit vector
lxy) € C" we have:

vp,a) = (xplPalx[) (10)
If the state p is a density state represented by the density operator p, we have
wp,a) = TrppP, ey

where TrpP, is the trace (the sum of the diagonal elements) of the product of operator p
with operator P,.

2.4 Contexts, probabilities and change of state

In quantum mechanics, a measurement is described by a linear operator which is a
self-adjoint operator, hence represented by an »# X n matrix };; that satisfies equation
(9), 1.e. M;; = M*;. Although it is standard to represent a context — which in the case of
physics is generally a measurement — using a self-adjoint operator, we will use the set
of orthogonal projection operators that form the spectral decomposition of this
self-adjoint operator, which is equivalent representation. Note that we have been
considering “pieces of context” rather than total contexts, and a piece of context is
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represented by one of these projection operators. Hence, a (piece of) context e is
represented by a projector P,. Such a context ¢ changes a state p of the concept to state
q as follows. If p is a pure state represented by the unit vector |x,) € C" we have:

Pelxp>

lx,) = ——222 12
= TPy (42
where

is the probability that this change takes place. If p is a density state represented by the
density operator p, we have:
P,p,P
Pq = T;Zipi (14)
where

M’(Q7eap) = T”Pppe (15)
is the probability that this change takes place.

2.5 Orthonormal bases and superpositions

The representation of a state p by a density operator p, is general enough to include the

case of pure states. Indeed, it can be proven that if a density operator is also an

orthogonal projector, then it is an orthogonal projector that projects onto one vector.
A set of vectors B = {|u) : lu) € C"} is an orthonormal base of C" iff

(1) the set of vectors B is a generating set for C”, which means that each vector of
C" can be written as a linear combination, i.e. superposition, of vectors of B;

(2) each of the vectors of B has length equal to 1, i.e. {u|u) = 1 for each |«) € B;and
(3) each two different vectors of B are orthogonal to each other, i.e. (v|w) = 0 for
|v), lw) € B and |v) # |w).

It can be shown that any orthonormal base of C” contains exactly 7 elements. Given
such an orthonormal base B of C”, any vector |x) € C" can be uniquely written as a
linear combination or superposition of the vectors of this base. This means that there
exist superposition coefficients «,, € C such that

=3 alu).

luyeB
Using equation (5) we have
(ulxy = <uIZavIv> = aul) = a,,
lv)eB lv)EB
hence

) = luxulx) (16)

luyeB

From this it follows that
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> luxul =1 (17) A theory of
h)EB concepts

which is called the “resolution of this unity” in Hilbert space mathematics. Consider the
projector that projects on |u) and denote it P,. Suppose that |x) is a unit vector. Then

we have
) = Pulx).
luyeB

181

Taking into account equation (16) gives us P, = |u)(u]. We also have P,|x) = o, |u)
and hence

P, lx) = aya, = |ay|? 18)

This proves that the coefficients «,, of the superposition of a unit vector |x) in an
orthonormal base B have a specific meaning. From equations (13) and (18) it follows
that they are the square root of the probability that the state of the concept represented
by |x) changes under the influence of the context represented by P,,.

It is easy to see that the quantum model is a specific realization of a SCOP. Consider
the complex Hilbert space C", and define

20 = {pplpy is a density operator of #'},
Mg = {P,|P, is an orthogonal projection operator of #},

Po={P,|P, is an orthogonal projection operator of #’},

and the functions u and v such that wy(q,e,p) = TrpyPe, vo(p,a) = Trp,P, and
pg = PeppPe/ TrpyPe, then (X, M g, Lo, o, vo) 1s a SCOP.

3. A Hilbert space representation of a concept

In this section, we explain how the quantum mechanical formalism is used to construct
a model for a concept. We limit ourselves to the construction of a model of “one”
concept. In the next section, we explain how it is possible to model combinations of two
or more concepts.

3.1 Basic contexts and basic states

Let us re-analyze the experiment in greater detail, taking into account the structure of
SCOP derived in Aerts and Gabora (2005). For this purpose, the states and contexts
corresponding to the exemplars considered in Table II of Aerts and Gabora (2005) are
presented in Table I. So, for example, e;9 is the context “The pet is a hamster”, and p5
is the state of “pet” under the context ej5, “The pet is a mouse”. In the experiment,
subjects were asked to estimate the frequency of a specific exemplar of “pet” given a
specific context; for example, the exemplar cat for the context ¢;, “The pet is chewing a
bone”, the frequency of the exemplar dog for the context e,, “The pet is being taught”,
etc. These estimates guide how we embed the SCOP into a Hilbert space. The
hypothesis followed in the construction of the embedding is that the frequency
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Table 1.

States and contexts
relevant to exemplars of
the concept “pet”

Exemplar Context State
Rabbit E1 3 1)1 3
Cat Ey b1
Mouse E1 5 j)15
Bird Ee D16
Parrot E17 j) 17
Goldfish E1 8 ﬁl 8
Hamster Eig D19
Canary Ey D20
Guppy Ey 2
Snake Egz 1) 22
Spider Ex3 Da3
Dog Eyy o
Hedgehog Exs D2
Guinea pig E26 pgb‘

estimates reflect the presence of contexts that are stronger than those explicitly
considered in the model, and the distribution of these contexts reflects the frequencies
measured in the experiment. Let us call these contexts as basic contexts. For example,
the contexts:

eo7, 1 remember how I have seen my sister trying to teach her dog to (19)
jump over the fence on command

es5, A snake as pet, oh yes, I remember having seen that weird guy 20)
on television with snakes crawling all over his body

e, That is so funny, my friend is teaching his parrot to say my name

when I come in 21
could be such basic contexts. And indeed we have es; = e5 and eo7 = €9y, €95 = ¢4 and
eog = €99, and eg9 = e5 and es9 = e17, which shows that these contexts are stronger
than any of those considered in the model. Let us denote X the set of such basic
contexts for the concept “pet”.

Here, we see how our model integrates similarity-based and theory-based
approaches. The introduction of this set of contexts might give the impression that
basic contexts play somewhat the same role as exemplars play in exemplar models.
This is however, not the case; we do not make claims about whether basic contexts are
stored in memory. It is possible, for example, that it is a mini-theory that is stored in
memory, a mini-theory that has grown out of the experience a subject has had with
(part of) the basic contexts, and hence incorporates knowledge about aspects
(for example, frequency of appearance in different contexts) of the basic contexts in this
way. But it is also possible that some basic contexts are stored in memory. At any rate,
they play a structural role in our model, a role related directly to the concept itself.
To clarify this, compare their status to the status of a property. The property a7,



K 71379—21/12/2004—RAVICHANDRAN—127843

can swim is a property of the concept “goldfish” independent of the choice of a A theory of
specific theory of concept representation, or independent of what is or is not stored in concepts
memory.

We now introduce some additional hypotheses. First, we suppose that each basic
context is an atomic context of .#. This means that we stop refining the model with
basic contexts; it amounts to demanding that there are no stronger contexts available
in the model. They are the most concrete contexts we work with. As mentioned in 183
section 3.5 of Aerts and Gabora (2005), even if a context is an atomic context, there still
might be several eigenstates of this context. As an additional hypothesis, we demand
that each basic context has only one eigenstate in the model. This means that also on
the level of states we want the basic contexts to describe the most refined situation.
Indeed, if an atomic context has different eigenstates, the states penetrate more deeply
into the refinement of the model than the contexts do. So our demand reflects an
equilibrium in fine structure between states and contexts. The set of eigenstates of the
atomic contexts we denote U, and we call the elements of U basic states. The basic
states and contexts are not necessarily possible instances of the concept, but an
instance can play the role of a basic state and context. Basic states and contexts can be
states and contexts that the subject has been confronted with in texts, movies, dreams,
conversations, etc. Let us introduce:

E;={ulu <e,u€ X} (22)

Xij = {ulu =e; Nej,u € X} (23)

where F; is the set of basic contexts that is stronger or equal to ¢; and Xj; the set of
basic contexts stronger or equal to e; A ¢;. It is easy to prove that X; = E; N E;.
Indeed, wehaveu € Xjj @ u = ¢, Aej < u = ¢ andu = ¢; & u € E; N E;. Suppose
that # is the total number of basic contexts. Let us denote #(X;) the number of basic
contexts contained in Xj; and n(E;) the number of basic contexts contained in E;. We
choose 7(Xjj) and n(£;) as in Table II (we have denoted 7(Xj) as n; in Table II).

3.2 Embedding in the Hilbert space

We consider a Hilbert space of dimension 1400, hence C”, with » = 1400. Each basic
context # € X is represented by a projector |u)u|, where ) € C" is a unit vector, and
such that B = {Ju)lu € X} is an orthonormal base of the Hilbert space C”, and the
corresponding basic state # € U is represented by this unit vector |#) € B. The
ground state p of the concept “pet” is represented by a unit vector Ix[), superposition of
the base states B = {|lu)lu € X}

|x;) = Z%W (24)

ueX
where a,, = (ulx;)

lav,|* is the probability that the concept “pet” changes to be in base state |u) under
context u#. We write:

|au|2=L Yue X (25)
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Table II.

Choice of the distribution
of the different types of
basic contexts for the
concept “pet”

—

3] 2 e3 ey (43 43
Exemplar  n(Ey) =303 n(Ey) =495 n(E3) =500 n(Ey)=101 n(Es)=200 nEs=100 n = 1400

Rabbit nz1= 12 N3z = 35 nm33= 75 Nn3a= 5 m3s5= 2 Mm36= 0 n(E1 3) =98
Cat Nig1= 75 Nyg2= 65 Nny3= 110 Nyga= 3 Ny5= 6 Ny 6= 1 M(E14) =168
Mouse ni51= 9 Ni52= 30 ni53= 40 54 = 11 Nis5= 2 Ni56= 0 ﬂ(E] 5) =170
Bird Nnie1 = 6 Ne2= 40 163 = 10 Mea= 4 Me65= 34 Me66 = 1 n(Elg) =112
Parrot nr1= 6 Nn72= 80 ni73= 5 mra= 4 mzs= 126 nmre= 1 VL(EU) =98
Goldfish ng1= 3 ng2= 10 ng3= 0 nga= 2 ngs5= 0 mge = 48 M(Elg) =140
Hamster N91 = 12 N9z = 35 N193= 30 Nn1ga= 4 N195= 2 N196 = 0 H(Elg) =98
Canary N201 = 3 202 = 35 N2 3= 5 N04 = 2 N205= 14 N206 = 1 n(EZ()) =112
Guppy no1=3 n212=10  n33=0 ng14=2 no15=0 no1e=46  n(lky)=126
Snake Ng1= 6 Noz 2= 10 N2 3= 5 Nz 4= 22 Naz5= 0 Na26= 1 ”(Ezz) =42
Spider No31 = 3 N32="5 No33= 15 ng34= 23 No35= N236 = 0 n(Fas) = 28
DOg Noq1 = 150 Nog 2= 95 N24 3= 120 Nogn = 3 Noy5= 12 N246= 1 n(E24) =168
Hedgehog Nos51= 6 Nas52= 10 No53= 40 Nos5 4= 12 Nas55= 0 Nas5 6= 0 M(E25) =42
Guinea plg Noe1 = 9 Nog2= 35 N2e3= 45 Noe g = 4 Noes5 = 2 Noge = 0 %(Egb) =98

This means that each of the basic states # € U is considered to have an equal
probability of being elicited. We can rewrite the ground state p of “pet” more explicitly
now:

1
|xj,> = %m |2¢) (26)

This means that if the concept “pet” is in its ground state p, there is a probability of
1/1400 that one of the contexts # € X acts as a basic context of “pet”, and changes
the ground state of “pet” to the basic state # € U of “pet”. This means that for “pet”
in its ground state, the probability that a basic context that is contained in E; gets
activated and changes the ground state of “pet” to the corresponding basic state, is
given by n(E;)/1400, where n(E;) is given in Table II. Let us show that a
straightforward calculation proves that this gives exactly the weights in Table II of
Aerts and Gabora (2005). Following Table II in 98 of the 1400 basic contexts, the pet
is a hamster. This means that the weight of hamster in the ground state of “pet” is
98,/1400 = 0.07, which indeed corresponds with what we find in Table II of Aerts
and Gabora (2005) for hamster. In 28 of the 1400 basic contexts, the pet is a spider.
Hence the weight of spider in the ground state of “pet” is 28/1400 = 0.02, as in Table
II of Aerts and Gabora (2005). There are 168 of the 1,400 basic contexts where the pet
is a dog, which means that the weight for dog is 168/1400 = 0.12, as in Table II of
Aerts and Gabora (2005).

Now that we have introduced the mathematical apparatus of the quantum model,
we can show explicitly how a context changes the state of the concept to another state,
and the model remains predicting the data of the experiment. Consider the concept
“pet” and the context e, “The pet is chewing a bone”. The context e; is represented by
the projection operator P,, given by:

Py = lu)ul 27)

uek
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where E; is the set of basic contexts that is stronger than or equal to e, hence A theory of
Ey = {ulu = e1,u € X}. Let us calculate the new state |x,,) that Ixﬁ) changes to under concepts
the influence of e;. Following equation (12) we have

Pel |xj;> (28)

|xp,) = ———
\/ 51 P 125 185

Let us calculate this new state explicitly. We have

Palip = Tl :;ﬁ ) 29)
and
@3\Pe 5> = " Csludulgy = > I lal” = Zﬁ = % (30)
=i =2 =2
This gives

1

|xp,) = |oe) (31)
1% M;m

3.3 Different states and different weights

We can now show how the quantum model predicts different weights for the contexts
corresponding to different exemplars in the experiment. Consider for example, the
context ey4, “The pet is a cat”, and the corresponding state p14, “The pet is a cat”, and
calculate the probability that p; collapses to p14 under context ey First we must
calculate the orthogonal projection operator of the Hilbert space that describes e14. This
projection operator is given by:

Po, = lu)ul (32)

uEky

where E14 = {ulu = ey, u € X}. Following the quantum mechanical calculation in
equation (13), we obtain the weight of the exemplar cat under context ej, ie. the
probability that state p; collapses to state p14 under context eq4, “The pet is a cat”. We
have

(D14, €14, 1) = X, |1 Poy, |2, ) (33)

which gives

Pl = S ladn) = 3 S S e Gl 3

uEL uEE 1 WEE] wEE,
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o, | Peyy |25, (v, u)d(u, w) — =10.25 (35)
34’1/ 2 ' N ' MEZE:M UEZE] ng:l uEEXl;E 303 303
corresponding with the experimental result in given Table II of Aerts and Gabora
(2005). In contrast, let us calculate the weight of the exemplar cat for “pet” in the
186 ground state p. Applying the same formula (13) we have
w14, €14, 0) = (31, ;) (36)
and
Pl = S-Caleel) = 3 1i55= i =012 @
uEk

This also corresponds to the experimental results given in Table II of Aerts and
Gabora (2005).

Let us make some more calculations of states and weights corresponding to
exemplars and contexts of the experiment. Consider the context eg, “The pet is a fish”.
This context e is represented by the projection operator P, given by:

Py =" "lu)ul (38)

uE€kg

where Eg is the set of basic contexts that is stronger than or equal to e¢g. Hence
= {ulu = eg,u € X}. Following equation (12) we obtain the following expression
for the state |x;,)

Péel >
|25} = — e (39)
\/ 51 Peg 3
We have
1
P, lx;) = = 40
lx;) = u;&mxm x5 = u;;emltt) (40)
and
@a\Peglxzy = "G luuliyy = > 1w L)l —Z 100 (41)
bl i=F, 1400 1400
This gives
(42)

|x
]‘76 uezEb /—1 00

Suppose we want to calculate the weights of the exemplar “hedgehog” for this state.
Again using formula (13) we obtain:
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(D25, 95, D6) = (Xps | Poys | %) (43) A theory of

From Table II follows that 7256 = 0, which means that Es N Eg = 0. We have no concepts
basic contexts in our model where the pet is a fish and a hedgehog. This means that
P,,. L |xp,), and hence P, |x,) = |0). As a consequence we have u(pss, €25, ps) = 0,
which corresponds to the experimental result in Table II of Aerts and Gabora (2005).

Let us calculate the weight for the exemplar goldfish in the state pg. We have: 187
w(p1s, €18, 06) = (Xps | Py |%p5) (44)
where
Poy = lu)ul (45)
uEEg

and E1g = {u|lu = e13,u € X}. Following equation (13) this gives:

Pty =Y Copgluduelpy =~ Lol (46)

ST uEE1gvEE, wEEg,loo

o Poyglip) = > Y Z 5 80,13, 1) = > 100 {?0:0.48 (47)

uEE13vEE, wEEB uEEsNEg

corresponding with the experimental result given in Table II of Aerts and Gabora
(2005).

The foregoing calculations show that our SCOP theory in Hilbert space is able to
model the experimental data of the experiment put forward in section 2.2 of Aerts and
Gabora (2005). The choice of distribution of the basic contexts and states are presented
in Table II, and the corresponding dimension of the Hilbert space is crucial for the
model to predict that experimental data. It is possible to see that the distribution of
basic contexts and states (Table II) corresponds more or less to a set theoretical model
of the experimental data, such that the Hilbert space model can be considered to be a
quantization, in the sense used in quantum mechanics, of this set theoretical model.

4. Combinations of concepts in the SCOP model

The previous section explained how to build a model of one concept. This section
shows that conceptual combinations can be described naturally using the tensor
product of the corresponding Hilbert spaces, the procedure to describe compound
entities in quantum mechanics. We give an explicit model for the combinations of the
concepts “pet” and “fish”, and show that the pet fish problem is thereby solved. Then
we illustrate how combinations of more than two concepts can be described. First we
need to explain what the tensor product is.

4.1 The tensor product and entanglement

Consider two quantum entities S and 7 described, respectively, in Hilbert spaces #°°
and #T. In quantum mechanics there exists a well known procedure to describe the
compound S® T of two quantum entities S and 7 by means, of the Hllbert space
A5 #T, which is the tensor product of the Hilbert spaces #° and #T. The tensor
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product behaves like a product; for example, take « € C, [x5) € # and |x7) € #7,
then we have

a(lx5) @ |27 = (alx) @ x Ty = [x5) @ (alxT)) (48)

However, it is not commutative, meaning that even when a Hilbert space is tensored
with itself, for |x) € # and |y) € # we have |[x) R |y) € # & A is in general not
equal to |y) ® |x). The mathematical construction of the tensor product in all its details
1s not trivial. The best way to 1mag1ne What the tensor product space is hke is to
con31der two orthonormal bases B® and B 7, respectively, of the subspaces #° and
#T and note that the set of vectors {|u5)®|uT) luSy € BS, |uT) € BT} is an
orthonormal base of the tensor product #° ® #7T. Concretely thls means that each
vector |2) € #° Q@ #T can be written as a linear combination of elements of this
orthonormal base:

z) = Z s, rlud) @ ul) (49)
|uSyeBS JuTyeBT

We need to explain some of the more sophisticated aspects of the tensor product,
because they are crucial for the description of conceptual combinations. The first
aspect is that vectors of the tensor product can be product vectors or nonproduct
vectors. The difference between them can be illustrated with a simple example.
Consider the tensor product C?® C?, and two vectors |x), Iy) € C?, and their tensor
product |x) ® |y) € C*® C2. Suppose further that |u);, |u), is an orthonormal base of
(CZ which means that we can write:

lx) = aluy; + Bluy, and |y) = ylu) + 8lu), (50)
which gives

1) @ [v) = (aluy, + Bluyy) @ (ylu); + 8lu)y) (61

%) @ ly) = avlu) @ lu) + adlu)y @ |u)y + Byluy, @ lu), + Bdlu)lu),  (52)
Taking into account the uniqueness of the decomposition in equation (49) we have:
l0) @1y) = aniluh @lu) + arzlu) @ lu)s + azlu)s @ lu)y + amlu)y @ luy, — (53)
with
ap=ay ap=ad ay =Py ax=p>5 (54)

It is easy to see that an arbitrary vector |z) € C2® C? is not always of the form
|x) ® [v). For example, choose

2) = luy @ )y + |u)y @ |u)y (55)

This amounts to choosing in the decomposition of |z), following formula (49),
a1 = ag =1 and ajp = ag; = 0. If |2) chosen in this way were equal to a product
vector like |x) ® [y), we would find «, B, v, € C such that equation (54) is satisfied.
This means that
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ay=B8=1 and ad=pBy=0 (56) A theory of

This is not possible; there does not exist «, B, y, 8 that satisfy equation (56). Indeed, concepts

suppose that aé = 0, then one of the two « or & has to equal zero. But then one of the

two ay or B8 also equals zero, which proves that they both cannot equal 1, as

demanded in equation (56). This proves that |2) = |u), @ |u); + |u), @ lu)y is a

nonproduct vector, 1.e. it cannot be written as the product of a vector in C* with another 189
vector in C2.

Nonproduct vectors of the tensor product Hilbert space represent nonproduct states
of the compound concept described by this tensor product Hilbert space. It is these
nonproduct states that contain entanglement, meaning that the effect of a context on
one of the two sub-entities (sub-concepts) also influences the other sub-entity
(sub-concept) in a specific way. As we will see, it is also these nonproduct states that
make it possible to represent the relation of entanglement amongst sub-concepts as one
of ways concepts can combine. Specifically (as we will show explicitly in Section 4.4)
combinations like “pet fish” are described as entangled (nonproduct) states of “pet” and
“fish” within the tensor product of their respective Hilbert spaces.

A second aspect of the tensor product structure that must be explained is how
projectors work. Projectors enable us to express the influence of context, and how
trans1t10n probabilities and weights are calculated. Suppose we conslder a context
eSe . s, of the first conce Spt S, represented by a projection operator P of the Hilbert
space #°. This context ¢ > can be considered as a context of the compound S®T of
the two concepts S and 7, and will then be represented by the prOJectlon operator
PS ®17, where 17 is the unit operator on ,A” If we have a context e® € .#° of the
ﬁrst concept S and a context e’ of the second concept T, represented,
respectrvely, by projection operators P and T then P ®P represents the context

eS®eT of the compound concept S® T We have

PSRPT(x%@1xTy) = PolxS) @ PT|xT) (57)

The transition probabilities and weights are calculated using the following formulas in
the tensor product

aSRx Ty @yTy = Sy TlyT) and TrASQAT) = TvAS - TYAT (58)

A third aspect of the tensor product is the reduced states. If the compound quantum
entity S® T is in a nonproduct state |z) E #5 QR #T of the tensor product Hilbert
space of the two Hilbert spaces #°° and #7 of the sub-entities, then it is not obv1ous
what states the sub-entities are in, because there are no vectors |x5) € #° and
lxTy € #7 such that |2) = |x5)® IxT> This means that we can say with certainty
that for such a nonproduct state |z), the sub-entities cannot be in pure states. It can be
proven in general that the sub-entities are in density states, and these density states are
called the reduced states. We do not give the mathematical construction since we only
need to calculate the reduced states in specific cases, and refer to Jauch (1968
pp. Chapter 11 Section 7), for a general definition and derivation of the reduced states.

4.2 Combining pet and fish
In this section, we use the quantum formalism to describe how the concepts “pet” and
“fish” combine, and see that the “pet fish problem” (Osherson and Smith, 1981, 1982;
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Table III.

Frequency ratings of
different exemplars of the
concept “fish” under two
contexts

Hampton, 1997; Fodor, 1994; Fodor and Lepore, 1996) finds a natural solution (refer
Aerts and Gabora (2005) for a presentation of the pet fish problem).

We first have to build the quantum model for the concept “fish”, and then combine
this, using the tensor product, with the quantum model for “pet”. To provide the
necessary data, another experiment was performed, using the same subjects and data
acquisition methods as for the experiment in Aerts and Gabora (2005). Subjects were
asked to rate the frequency of appearance of different exemplars of “fish” under two
contexts:

eish The fish is a pet (59)

and the unity context 17", We denote the ground state of “fish” by pfs! and the state
under context eﬁSh by pﬁSh The results are presented in Table III. We note a similar
effect than observed prev1ous1y for the concept “pet”. For example, the weights of
goldfish and guppy are greater under context ef‘*h than for the ground state under
the unity context 17" while the weights of all other exemplars are lower.

Let us call X0 the set of basic contexts and U™ the set of basic states that we
consider for the concept “fish”. We introduce the states and contexts corresponding to
the different exemplars that we have considered in the experiment in Table IV. So, for
example, the context e h is the context “The fish is a dolphin” and the state pffbh 1s the
state of “fish” which i the ground state p" under the context ef, “The fish is a
mackerel”. Further, we introduce:

Ehsh {ulu = eﬁsh = Xﬁsh} and Xﬁsh {ulu = eflbh A e]fish7u = Xﬁsh} (60)

where EflSh is the set of basic contexts that is stronger or equal to ¢/ and Xj; fish the set
of basic contexts that is stronger or equal to e/ A ¢f". We have X lf-jl-Sh = Elf-ISh E]f-ISh.
Suppose that m is the total number of basic contexts. Let us denote by m (X f»}*) the
number of basic contexts contained in X" and by m(E™) the number of basic

i 1
contexts contained in EF". We choose m (X f—}Sh) and m (E?Sh) as in Table V. For the

egsh 1ﬁsh
Exemplar Rate Frequency Rate Frequency
Trout 0.54 0.02 467 0.09
Shark 0.51 0.02 4.37 0.09
Whale 0.15 0.01 3.36 0.07
Dolphin 091 0.04 3.72 0.07
Pike 0.37 0.01 294 0.05
Goldfish 6.73 0.40 5.19 0.10
Ray 0.27 0.01 3.10 0.06
Tuna 0.19 0.01 457 0.09
Barracuda 0.40 0.01 1.53 0.03
Mackerel 0.19 0.01 347 0.07
Herring 0.22 0.39 4.46 0.09
Guppy 6.60 0.01 4.10 0.08
Plaice 0.22 0.05 3.56 0.07

Carp 121 3.21 0.06
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Trout efgilsh pgfh

Shark efish psh

Whale e§i§h pggh

Dolphin egjh pgzh 191

Pike efish pgsh

Goldfish egigh ngh

Ray 5

Tuna efgigh pgigh

Barracuda efgish pgish

Mackerel gfligh pfégh

Herring e’ pit Table IV.

Guppy efish plsh  The states and contexts

Plaice e‘f‘i;h b zftiéqh exemp1alrcsog??dcltee(iotr?cg;t3

Carp efish plh “fish” that we considered

quantum model of the concept “fish”, we consider a Hilbert space C” of 408
dimensions.

Let us construct the quantum model for the concept “fish”. Each basic context
u € X" is represented by a projector |u)(u|, where |x) € C” is a unit vector, and
such that Bish = {|u)|u € X"} is an orthonormal base of the Hilbert space C™.
The basic state corresponding to the basic context # is represented by the vector |u).

xgish>
) ) b/
superposition of the base states Bish = {|u)|lu € XTsh} using the following
expression:

The ground state ph of the concept “fish” is represented by the unit vector

: 1

fish
X = g —|u 61
’ > uEX ish V408| : O

Hence, it the concept “fish” is in its ground state pfish there is a probability of 1/408 that
one of the basic states « € U? under contexts # € X" is elicited. This means that
for “fish” in its ground state, the probability that a basic state gets elicited

corresponding to a context contained in EfiSh is given by m EfiSh /408, where
m E?Sh is given in Table V. A straightforward calculation proves that this gives

exactly the weights in Table III. Let us look at some examples. Following Table V, in
20 of the 408 basic contexts, the fish is a pike. This means that the weight of pike in the
ground state of “fish” is 20/408 = 0.05, which indeed corresponds to what we find in
Table III for pike. In 28 of the 408 basic contexts, the fish is a dolphin. Hence the weight
of dolphin in the ground state of “fish” in 28/408 = 0.07, as can be found in Table III.
In 32 of the 408 basic contexts, the fish is a guppy, thus the weight for guppy is
32/408 = 0.08, as in Table IIL
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Table V.

Choice of the distribution
of the different types of
basic contexts for the

concept “fish”

eﬁ%h lﬁsh
0

Exemplar m (efsh) =100 m=408
Trout (XQf‘;) = m (Egjfh> =36
Shark m(X5h) =2 m(ER") =36
Whale m (ng*;) = m(Ef") =28
Dolphin m(Xglj‘;> = m(ES") =28
Pike m(Xf;;hl) = m(E;.,h) =20
Goldfish m<X§ghl) =40 m(E§§h> =40
Ray m (Xg?ﬁ) = m <E§§h> =24
Tuna m(X5) =1 m(ER") =36
Barracuda m(Xg‘ghl> = m(E§§h> =12
Mackerel m (X ﬁ‘g‘}) = m (Eﬁ‘gh) =28
Herring m(Xfffhl) = m(Efffh> =36
Guppy m<X Ehl) = m(EE§h> =32
Plaice m(xfgghl) = m(ER") =28
Carp m(Xfthl) = m(Efth) =24
Now consider the concept “fish” and the context eggh, “The fish is a pet”. The context
eggh is represented by the projection operator Pe30 given by:

PR = "Ju)ul (62)

ue Efxsh

where EflSh is the set of basic contexts of “fish” that is stronger than or equal to eggh,

hence Eggh = {ulu = 5", u € X"} Let us calculate the new state ‘ 15h> that ‘ f15h>
changes to under the influence of ef‘Sh Following equation (12) we have

) = =) (63)
< fish Pfh f1sh>
We have
Pl = EXEjlu>< ) = XEj m (64)

and



K 71379—21/12/2004—RAVICHANDRAN—127843

fish| pfish | fish fish fish fish _ 100 A theory of
< Pg30 b > Zl<xf7 u><u’xf7 >= Z_h < >’ Z h408 408 (65) concepts
u€EEy" uEEs; uEEs,
This gives
1sh 193
. D30 > e;g‘ghm (66)

4.3 The compound pet & fish
The compound of the concepts “pet” and “fish”, denoted “pet & fish”, is described in
the space C" ® C”. A specific combination does not correspond to the totality of the
new concept “pet &® fish”, but rather to subset of it. For example, the combination “a
pet and a fish” is one subset of states of “pet ® fish”, and the combination “pet fish” is
another. As we will see, “a pet and a fish” corresponds to a subset containing only
product states of “pet &@ fish”, while “pet fish” corresponds to a subset containing
entangled states of “pet @ fish”. Let us analyze what is meant by different possible
states of the compound “pet & fish” of the concepts “pet” and “fish”, hence vectors or
density operators of the tensor product Hilbert space C" ® C”.

The first state we consider is P ® TSP the tensor product of the ground state pPet

of “pet” and the ground state psh of “fish”, which is represented in C" @ C” by the
vector ’x?et> ® ’xf15h>. This state is a good representation of the conceptual

combination “pet and fish”, because for “pet and fish”, contexts can act on “pet”, or on
“fish”, or both, and they act independently. More concretely, consider the context epet
“The pet is chewing a bone” actlng on the concept “pet”. This context, then written hke
epet ®1fsh can also act on the “pet” sub- concept of “pet ® fish”. Then this will just
change the ground state pPe of “pet” to state pP', and the ground state " of the “fish”

sub-concept of “pet ® fish” will not be 1nﬂuenced This is exactly the kind of change
that the state represented by ‘xp5t> ® ‘ f‘Sh> entails.

Hence
pet Det ® 1fish X
ppet N ppet - ppet ® pflSh — ppl)et ® ﬁfrsh (67)
pet Det ® 1fish
ppet N ppet — ppet ® pﬁsh — ppet ® pﬁ%h (68)

Similarly, a context that only works on the concept “fish”, can work on the
“fish” sub-concept of “pet ® fish”, and in this case will not influence the state of “pet”.

A~ fish 30 fish . € fi %h 30 € fish 6

p ® IS pp ®p pp ®p3 ( 9)
A fish 30 fish y pet i h 30 pet fish 7

p . p 0 p ®p ® p ®p 0 ( 0)

Another state to consider is ppet pggh, represented by the vector ]xpet) & xﬁSh) This is
a state where the “pet” is a “ﬁsh” and the “fish” is a “pet”, hence perhaps this state
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faithfully represents “pet fish”. How can we check this? We begin by verifying different
frequencies of exemplars and weights of properties in this state, and seeing whether
the guppy effect, described in section 2.1 in Aerts and Gabora (2005), is predicted by
the model. Equation (46) gives the calculation for the weight of the exemplar goldfish
for the concept “pet” in the state ppet Now we calculate the weight for the exemplar
goldfish for the compound concept * pet ® fish” in the state ppet ® pf‘Sh Following the
quantum mechanical rules outlined in equation (57) we need to apply the projector
PP @170 on the vector [rhe') @ rﬁs}% and use it in the quantum formula (13). This

e18 Yy D30
gives:

(ppet ® p28h7 elgt ® 1fish ppet ® pﬁsh) ( < xpet’ ® < xg;h ) ( chst ® 1fish) (’ xpet> ® xg;h»
(71)
(B @R o5 @10 e @ i) = (x| A e ) (o i)
= (a3 rcfaze) (72)
pet fish  pet fish pet fish 48
(p Qpsy,e1g @1 P @ pag ) 100 =0.48 (73)

This means that the weight of the exemplar goldfish of the sub-concept “pet” of the
compound “pet & fish” in the product state ppet &® pﬁSh (the state that represents a “pet
® fish” that is a pet and a fish), is equal to the Welght of the exemplar goldfish of the
concept “pet” in the state pi°" (the state that represents a pet that is a fish). This is not
surprising; it simply means that the tensor product in its simplest type of state, the
product state, takes over the weights that were there already for the separate
sub- concepts The guppy effect, identified previously in the states ppet of the concept
“pet” and p h of the concept “fish”, remains there in this combmatlon of pet and fish
described by this product state pPEt &® pﬁSh Indeed, we can repeat the calculation of
equation (71) on the product state of the ground states — hence the state pPet ® pish —

and find
s o ioi)= (g o () (o) () o1
(74)
A 1, ) = ) (9 )
<xpet Pre e (75)
w(phs @ph it @11sh pret@plish) — %_0.10 (76)

We see that the weight of goldfish for the sub-concept “pet” of the compound “pet @
fish” equals the weight of goldfish for the concept “pet” in the ground state pPet.
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The difference between equations (73) and (76) is the guppy effect in our theory of the A theory of
compound “pet &® fish”. It should be stated in the following way. The weight of concepts
goldfish of the concept “pet” equals 0.10 if “pet” is in its ground state, and equals 0.48 if p
“pet” is in a state under the context “The pet is a fish”. This is the pre-guppy effect
identified by introducing contexts for the description of one concept, namely “pet”.
When “pet” combines with “fish” we get the concept “pet &® fish”. Now the guppy effect
manifests in the following way. The weight of goldfish for “pet” as a sub-concept of 195
“pet ® fish” equals 0.10 if the state of “pet & fish” is such that we have “a pet and a
fish” in the state “a pet ... and ... a fish” (without necessarily the pet being a fish and
the fish being a pet, this is the product state of the two ground states, hence pPet®@p fish).
The weight of goldfish for “pet” as a sub-concept of “pet ® fish” equals 0.48 if the state
of “pet & fish” is such that we have “a pet and a fish” in a state where the pet is a fish
and the fish is a pet (this is the product state p6et ®pﬁSh) So we get the guppy effect in
the combination of the concepts “pet” and “fish”. But does this mean that the state
pg“ ®pﬁ‘h describes a “pet fish”? The weights of exemplars seem to indicate this, but
there is still something fundamentally wrong. Look at formula (71). It reads
ppet®pf‘5h, he @1fsh pRt@plish)  This means that under the influence of context
®1f15h state ppet ® pf‘*h changes to state g ® pf‘*h The state pi™ ®pfish is a product
state of the compound ‘pet @ fish” where the pet 1s a fish and the ﬁsh 1s a pet. But if
“pet” as sub-concept of the compound collapses to goldfish (this is the state
transformation ppet p‘l’gt), we see that pﬁSh remains unchanged in the collapse
translated to the compound (we have there p Opet plishi— pPt @phsh). This means that
the context “The pet is a goldfish” causes pet asa sub -concept to collapse to goldfish,
but leaves “fish” as a sub-concept unchanged. The end state after the collapse is
ppet pggh, which means “a goldfish and a fish” (pet has become goldfish, but fish has
remamed fish). We could have expected this, because the rules of the tensor product tell
us exactly that product states behave this way. Their rules are given in symbolic form
in equations (67) and (69). Product states describe combined concepts that remain
independent, 1.e. the concepts are combined in such a way that the influence of a
context on one of the sub-concepts does not influence the other sub-concept. That is
Why, as mentioned previously, the product states describe the combination with the
“and” between the concepts; hence “pet and fish”. Then what does the product state
pga ®pﬁ‘h describe? It describes the situation where the pet is a fish, and the fish is a
pet: hence two “pet fish” and not one! And indeed, the mathematics shows us this
subtlety. If for two “pet fish”, one collapses of goldfish, there is not reason at all that the
other also collapses to goldfish. It might for example, be goldfish and guppy. So to clarify
what we are saying here, a p0351ble mstance of state py Pet ) pﬁSh of the compound “pet
® fish” is “a goldfish and a guppy’. Now we can see why thls state pGet ®pflsh gives
numerical indication of a guppy effect. But we did not really find the guppy effect, for
the simple reason that we did not yet identify the state that describes “pet fish”
(one unique living being that is a “pet” and a “fish”). It is here that one of the strangest
and most sophisticated of all quantum effects comes in, namely entanglement.

4.4 The “Pet Fish” as a quantum entangled state
Consider the context

es5, The pet swims around the little pool where the fish is being fed

by the girl @7
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This is a context of “pet” as well as of “fish” It is possible to consider a big reservoir of
contexts that have not yet been classified as a context of a specific concept We denote
this reservoir. .#. This means concretely that .#°* C .# and .#™" C .#. Let us
denote .#P4P the set of contexts that are contexts of “pet” and also contexts of “fish”.

Amongst the concrete contexts that were considered in this paper, there are seven that
are elements of .#**“™" namely:

t fish
€6, €18, €21, €30, €36, 42, €45 € M (78)

We denote XPU the set of basic contexts that are contexts of “pet” as well as
contexts of “fish”. We have

Epet C Xpet,ﬁsh and Eﬁsh C Xpet,ﬁsh (79)

and to model the concept “pet fish” we make the hypothes1s that Epet Eggh =
Eretfish namely that the basic contexts of “pet” where the pet is a fish are the same as
the ba51c contexts of “fish” where the fish is a pet. It is not strictly necessary to
hypothesize that these two sets are equal. It is sufficient to make the hypothesis that
there is a subset of both that contains the basic contexts of “pet” as well as of “fish” that
are also basic context of a pet that is a fish.

We have now everything that is necessary to put forth the entangled state that
describes “pet fish”. It is the following state:

= 80
) EEZ m|u>® Juc) (80)

We claim that this vector represents the state of “pet ® fish” that corresponds to the
conceptual combination “pet fish”. Let us denote it with the symbol s.

Now we have to verify what the states of the sub-concepts “pet” and “fish” are if the
compound concept “pet @ fish” is in the state s represented by |s). Hence let us
calculate the reduced states for both “pet” and “fish” of the state |s). As explained in
Section 4.1, for a non-product vector, the reduced states are density operators, not
vectors. We first calculate the density operator corresponding to |s) € C" ® C”. This
is given by:

Is)(s| = ue;“‘h mlu>®|u> DE;N m<v|®<v| (81)
|s)sl ;EEZMMW |u)(w] & |u)(v] (82)

We find the two reduced density operators by exchanging one of the two products
lu){v| by the inproduct (x|v). Taking into account that {(u|v) = &(u,v), we have

DEP =3 el and 6™ =3 (83)

ueE pet,fish 100 ueE pet.fish 100
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as reduced states for “pet” and “fish”, respectively. It is easy to calculate and show that A theory of
these reduced states behave exactly like the states p°  and p30 , respectively. This neept
means that for influences of contexts and weights of propertles limited to one of the concepts
two sub-concepts “pet” or “fish”, the state |s) behaves exactly as would the product
state |x£§t> ® ’xﬁfhz This means that as far as the weights of exemplars and properties
are concerned, we find the values that have been calculated for the state lxpet> ® xf‘Sh
in the previous section when the compound concept “pet & fish” is in tﬁe ent; ngled 197
state |s).

Let us now see how the state |s) changes under the influence of the context

P @150 “The pet is a goldfish” of the concept “pet”. We have

Pr@15 =3 "uyul ® 1 (84)

€18
MEEDEL

where ERS' = {ulu < ef5,u € X}. Hence the changed state of s under the influence

of context efg ® 17" —let us denote it s’ — is given by

) = (PRr@1™) 19 =3 > @l ®1 J_|v>®|v> (85)

uEER veEER"

=3 ¥ asun@h =3 Sl @

pet pe pet pef
uEE S veEEY uEET vEEY

Ish=>" \/W lue) ® lue) @87)

uEER NEX

Calculating the reduced density states gives:

€ 1 18
P =30 i and Y=Y ol @)

uEER NER" uEERS NER!

The reduced state |s')(s'|"*" with respect to the concept “pet” is the state of “pet” under
the context ¢, “The pet is a fish”, and the context b5, “The pet is a goldﬁsh This is
what we would have expected in any case, because indeed the context 618 , influences
“pet” alone and not “fish”. However, the reduced state |s')(s’ | Sh with respect to the
concept “fish” after the change provoked by the context e‘l’gt, “Is a goldfish”, that only
influences the concept “pet” directly, is also a state of “fish” under the context “is a pet”
and under the context “is a goldfish”. This means that if for “pet fish” the pet becomes a
goldfish, then also for “fish” the fish becomes a goldfish. This is exactly what is

described by the entangled state |s) of the tensor product space given in equation (80).

4.5 Combining concepts in sentences

In this section, we apply our formalism to model more than two combinations of
concepts. Consider a simple archetypical sentence containing a subject, and object and
a predicate connecting both: “The cat eats the food”. Three concepts “cat”, “eat” and
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“food” are involved: two nouns and one verb. We want to show that it is possible to
represent this sentence as an entangled state of the compound concept “cat ® eat &
food”.

We introduce the SCOPs of “cat”, “eat” and “food”, (S, .4/, Pt yeat peaty
(Eeat W/t gpeat Meat Veat) and (Efood ] ﬂfood gfood MfOOd Vfood). M is the reservoir of
contexts that have not been decided to be relevant for a specific concept, hence
M C M, M C o and Y C . We choose Hilbert spaces #, 4% and
A4 to represent, respectively, the concepts “cat’, “eat” and “food”. Then we
construct the tensor product Hilbert space A ® #* Q@ #™ to represent the

x9at> S
)4

xjf3°°d> € ™4 of respectively, “cat”, “eat” and “food”. The
x9at> ® xjf3°°d> E AR AR A represents the

b4
conceptual combination “cat and eat and food”. Although it is technically the

compound concept “cat ® eat ® food”. Consider the three ground states

%Cat xgat> c %eat and
"7

product state ‘xgat> ®

simplest combination, the one described by the product state of three ground states of
each concept apart, it is rare in everyday life. Indeed, upon exposure to the three
concepts “cat” “eat” “food” in a row, the mind seems to be caught in a spontaneous act
of entanglement that generates the sentence “the cat eats the food”. It is interesting to
note that the same phenomenon exists with quantum entities, i.e. separated states get
spontaneously entangled under influence of any kind of environment. Let us consider
the three concepts “cat”, “eats” and “food” connected by the word “and” in a
independent, hence non-entangled way; i.e. “cat and eat and food” described by the

1) @ | @
b b
influences the concept “cat”, then the concepts “eat” and “food” are not influenced. For

product state x§0°d>. Concretely this means that if a specific context

example, suppose that the ground state
context:

xgat> of the concept “cat” is changed by the

¢, The cat is Felix (89)

into the state p§', “The cat is Felix”. If this context ¢$2' is applied to the compound

concept “cat ® eat ® food” in the product state xl%;at> ® x[?)at>® ‘x1f3°°d>, then
the compound concept changes state to x;j;> ® xgat> ® ‘x£°°d>

cat eat food ei%t@leat(g)lmd cat ’ eat ‘ food

5 >® =7 >®‘x]3 > — xﬁ46>® 5 >® 5 > (90)

This state express “Felix and eat and food” as a state of the compound concept “cat &
eat ® food”. Can we determine the state of the compound concept “cat ® eat ® food”
that describes the sentence “The cat eats the food”? Again, as in the case of “pet fish”
this will be an entangled state of the tensor product Hilbert space. Indeed, for the
sentence “The cat eats the food”, we require that if, for example, “cat” collapses to
“Felix”, then also “eat” must collapse to “Felix who eats”, and “food” must collapse to
“Felix and the food she eats”. This means that the sentence “The cat eats the food” is
certainly not described by a products state of the tensor product Hilbert space. How do
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we build the correct entangled state? Let us explain this step-by-step so that we can see A theory of
how this could work for any arbitrary sentence. concepts
First, we observe that the sentence itself is a context for “cat”, “eat” and “food”. Let
us call it ey, hence
es7,  The cat eats the food 91)
We have ey € .4, but also €3 € 4, e € .4/ and €f%? € .4/, Now we 199

introduce Ey; = {ulu = eq7;,u € X} is the set of basic contexts that are stronger than
or equal to es;. The entangled state, element of the tensor product Hilbert space
AR QR 4 that describes the sentence “The cat eats the food” is given by:

1
2 _M;E47JM(E47)

where 7(E,7) is the number of basic contexts contained in Ey;.

Let us show that this state describes exactly the entanglement of the sentence
“The cat eats the food”. We calculate the reduced states of “cat”, “eat” and “food” when
the compound “cat @ eat ® food” is in the state s represented by [s). We first

calculate the density operator corresponding to |s). This is given by:

loe) & |y & [ue) (92)

961 = [ e @ W ® ) | [ Sl @il | ©)

UEE 7V M(E47) vEE ;N n(E47)
1
Is)(sl - ,ueZEﬂ By 1@ Lol ® o] (94)
This gives us
1
|5><S|CElt = —aary Joe)ul (95)
uezE;ggf n(Ef7)
96 = 3 — -l (96)
UEER n(Eg)
00 1
Is Mol =3~ ——— ) 97)
ue Ei(;odn ( E4(?70 )

as reduced states for “cat”, “eat” and “food”, respectively. These reduced states behave
exactly like the states p&', p$3' and pf{;“d of, respectively, “cat”, “eat” and “food”, when it
comes to calculating frequency values of exemplars and applicability values of
properties.

Let us now see how the state |s) changes under the influence of the context
efl%t®leat®1f°°d, “The cat is Felix” of the concept “cat” as a sub-concept of the

compound concept “cat ® eat ® food”. We have:
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PE@1 @10 = “luyul ©1®1 (98)

€46
ue Etdt

where Ef = {ulu = ¢§',u € X}, Hence the changed state of s under the
influence of context e ® 1%t ®@ 10 — Jet us denote it s’ — is given by:

|v)® [0) @ vy (99)

N Pgat®1eat®1food — | |®1®1
9= (P ) 2 2 i

, 1
Ish=>" mewum o) ® o)

uEE vEEy

1
Zmb‘(%vﬂtﬁ@ [v) @ |v) (100)

uEE vEEy

s’ = 1) ® |u) @ |ut) (101)
uEEfQSZOE (E
Calculating the reduced density states gives:
Js')s | ——— (102)
EEZ‘OE“’“ (Ea7)
I/ | m——— (103)
E;E(.dt (E )
food
104
)10 = (E7)I><I (104)

= Ecdt n Efood

The reduced state |s’ )(s’ | with respect to the concept “cat” is the state of “cat” under
the context effgt A eyq7, “The cat is Felix and the cat eats the food”. This is what we
would have expected in any case, because indeed the context e ® 1% ® 1food
influences “cat” alone and not “eat” and “food”. However, the reduced state |s')(s’ |cat
with respect to the concept “eat” after the change provoked by the context
(AR ® 1food “The cat is Felix”, that only influences “cat” directly, is also a state of
“eat” under the context efd" A es7, “The cat is Felix and the cat eats the food”, hence
“Felix eats the food”. This means that if for “The cat eats the food” the “cat” becomes
“Felix”, then also “eat” becomes “Felix who eats A similar phenomenon happens for
the concept “food”. The reduced state |s')s'|"™ after the change provoked by the
context ' @ 19 ® 1feod “The cat is Felix”, that only influences “cat” directly, is also
a state of “food” under the context ej%t A ey7, “The cat is Felix and the cat eats the food”,



K 71379—21/12/2004—RAVICHANDRAN—127843

hence “Felix eats the food”. This means that if for “The cat eats the food” the “cat” A theory of
becomes “Felix”, then also “food” becomes “Felix who eats the food”. concepts

The approach that we have put forward in this paper can be used to elaborate the
vector space models for representing words that are used in semantic analysis. The
tensor product, and the way that we introduced entangled states to represent
sentences, can be used to “solve” the well known “bag of word” problem (texts are
treated as “bag of words”, hence order and syntax cannot be considered) as formulated 201
in semantic analysis (Aerts and Czachor, 2004). In a forthcoming paper we investigate
more directly how the quantum structures introduced in Aerts and Gabora (2005), i.e.
the complete orthocomplemented lattice structure, can be employed in semantic
analysis models, and also the relation of our approach with ideas formulated in
Widdows (2003) and Widdows and Peters (2003) about quantum logic and semantic
analysis.

4.6 A quantum theory of memory

Von Foerster (1950) develops a theory of memory and hints to show how a quantum
mechanical formalism could be used to formalize his theory. Von Foerster was inspired
by how quantum mechanics was introduced in biology. Genes, the carriers of heredity,
are described as quantized states of complex molecules. Von Foerster introduces what
he calls carriers of elementary impressions, which he calls mems, to stress the analogy
with genes, and introduces the notion of impregnation as an archetypical activation of a
carrier by an impression. Such an impregnation of a mem is formalized as a quantum
mechanical excitation of one energy level of the mem to another energy level of this
same mem, in analogy how this happens with a molecule. A molecule in an excited
state spontaneously falls back to a lower energy state, and this process is called decay.
The decay process of a mem in a high level energy state to a lower level energy state
describes the phenomenon of forgetting. The introduction of the quantum mechanical
mechanism of excitation and decay between different energy levels of a mem as the
fundamental process of memory, respectively, accounting for the learning and
the forgetting process, is not developed further in von Foerster’s publication.
Von Foerster’s conviction about the relevance of quantum mechanics to memory comes
from his phenomenological study of the dynamics of the forgetting process. Although
not very explicit about this aspect, it can be inferred from his paper that in his opinion
the physical carrier of the mem is a molecule in the brain, such as a large protein, and
that memory is hence stored within a micro-physical entity, entailing quantum
structure because of its micro-physical nature.

The theory of concepts that we have elaborated is in some respects quite different
from von Foerster’s approach, but in other respects can deliver a possible theoretical
background for this approach. It is different since we do not believe it to be necessary
that there need to be a micro-physical carrier for the quantum structure identified in
SCOP. It is not excluded that the quantum structure is encrypted in a quite unique way
in the brain, making use of the possibility to realize quantum structure in the
macro-world, without the need of micro-physical entities (Aerts, 1982, 1985; Aerts and
Van Bogaert, 1992; Aerts et al., 1993, n.d., 1994). On the other hand, if micro-physical
entities in the brain serve as carriers of quantum mechanical structure, our SCOP
theory could provide specific information about this structure. We can also now clarify
the notion of ground state. If a concept is not evoked in any specific kind of way, which
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1s equivalent to it being under the influence of the bath of all types of contexts that can
evoke it, we consider it to be in its ground state. Here, we align our theory with von
Foerster’s idea and use the quantum mechanical processes of excitation and decay to
point out specific influences of contexts on the state of a concept. If the concept “pet”,
changes to the state p; under the influence of context e, “The pet is chewing a bone”,
then p; is an excited state with respect to the ground state 5 of “pet”. The state p; will
spontaneously decay to the ground state p. We “forget” after a little while the influence
of context ey, “The pet is chewing a bone” on the concept “pet” and consider “pet” again
in its ground state when a new context arrives that excites it again to another state.
The process of excitation and de-excitation or decay, goes on in this way, and
constitutes the basic dynamics of a concept in interaction with contexts. This is very
much aligned with what von Foerster intuitively had in mind in von Foerster (1950),
and fits completely with a further quantum mechanical elaboration of our SCOP theory
of concepts. It is worth mentioning further steps that can be taken in this direction,
although they are speculative, since it shows some of the possible perspectives that can
be investigated in future research. If a molecule de-excites (or decays) and collapses to
its ground state (or to a lower energy state) it sends out a photon exactly of the amount
of energy that equals the difference between the energy of the ground state (the lower
energy state) and the excited state. This restores the energy balance, and also makes
the quantum process of de-excitation compatible with the second law of
thermodynamics. Indeed, a lower energy state is a state with less entropy as
compared to a higher energy state, and the ground state is the least entropy state. This
means that the decrease of entropy by de-excitation has to be compensated, and this
happens by the sending out of the photon that spreads out in space, and in this way
increases the entropy of the compound entity molecule and photon. The entropy
reasoning remains valid for the situation that we consider, independent of whether we
suppose that the quantum structure in the mind is carried by micro-physical entities or
not. This means that a de-excitation, e.g. the concept “pet” that in state p; decays to the
ground state p, should involve a process of spreading out of a conceptual entity related
to “pet”. Our speculation is that speech, apart from the more obvious role it plays in
communication between different minds, also fulfills this role. This is probably the
reason that if the de-excitation is huge and carries a big emotional energy, speech can
function as a catharsis of this emotional energy, which would be why psychotherapy
consisting of talking can function quite independent of the content of what is said.
The global and speculative view that can be put forward is the following. The
compound of all concepts relevant to a certain individual are stored in memory (a more
correct way to say this would be: they are memory) and one specific state of mind of the
individual will determine one specific state of this compound of concepts. This state of
the compound of concepts is a hugely entangled state, but such that most of the time,
the reduced states for each concept apart are the ground states. Any specific context
will influence and change the state of mind of the individual, and hence also the
entangled state of the compound of concepts, and hence also the ground states of some
of the individual concepts. These are the concepts that we will identify as being evoked
by this specific context. Most of these changes of state are just excitations that
spontaneously will de-excite, such that all the individual concepts are in their ground
states again. From time to time however, a change of state will have consequences that
change the structure of the entanglement, or even the structure of some of the concepts
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themselves. This are the times that the individual learns something new that will be A theory of
remembered in his or her long-term memory, and that will provoke a change of his or concepts
her world views. The energetic balance gets redefined when this happens, and a new
stable entangled state of the compound of all concepts is introduced, giving rise to new
ground states for the individual concepts (for example, pets are no longer seen as they
used to be once one has his or her own pet). This new situation, just as the earlier one, is
again open to influences of contexts that introduce again the dynamics of excitation 203
and spontaneous de-excitation.

5. Summary and conclusions

Von Foerster was inclined to push the formalization of whatever happened to interest
him at a given time as far as it could go using whatever tools did the job in order to
penetrate into the phenomenon more deeply. In this paper, we take a non-operational
step, embedding the SCOP in a more constrained structure, the complex Hilbert space,
the mathematical space used as a basis of the quantum mechanical formalism. We
have good reasons to do so. The generalized quantum formalisms entail the structure
of a complete orthocomplemented lattice, and its concrete form, standard quantum
mechanics, is formulated within a complex Hilbert space. The SCOP representation of a
concept thereby makes strong gains in terms of calculation and prediction power,
because it is formulated in terms of the much less abstract numerical space, the
complex Hilbert space.

Section 2 outlines the mathematics of a standard quantum mechanical model in a
complex Hilbert space. It is not only the vector space structure of the Hilbert space that
1s important but also the quantum way of using the Hilbert space. A state is described
by a unit vector or a density operator, and a context or property by an orthogonal
projection. The quantum formalism furthermore determines the formulas that describe
the transition probabilities between states and the weights of the properties. It is by
means of these probabilities and weights that we model the typicality values of
exemplars and applicability values of properties.

In Section 3, we embed the SCOP in a complex Hilbert space, and call the resulting
model “the quantum model of a concept”, to distinguish it from the more abstract SCOP
model. The quantum model is similar to a SCOP model, but it is more precise and
powerful because it allows specific numerical predictions. We represented the
exemplars, contexts, and states that were tested experimentally for the concept “pet”.
Each exemplar is represented as a state of the concept. The contexts, states and
properties considered in the experiment are embedded in the complex Hilbert space,
where contexts figure as orthogonal projections, states as unit vectors or density
operators, and properties as orthogonal projections. The embedding is faithful in the
sense that the predictions about frequency values of exemplars and applicability
values of properties of the model coincide with the values yielded by the experiment
(Section 3.3).

Notice how the so-called “pet fish problem” disappears in our formalism. The pet
fish problem refers to the empirical result that a guppy is rated as a good example, not
of the concept “pet”, nor of the concept “fish”, but of the conjunction “pet fish”. This
phenomenon that the typicality of the conjunction is not a simple function of the
typicality of its constituent, has come to be known as the “guppy effect”, and it cannot
be predicted or explained by contemporary theories of concepts. In our experiment, and
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hence also in the quantum model, we have taken the context “The pet is a fish” to be a
context of the concept “pet”. Both experiment and quantum model description show the
guppy effect appearing in the state of “pet” under the context “The pet is a fish”.
Subjects rate guppy as a good example of “pet” under the context. “The pet is a fish”,
and not as a good example of “pet”, and the ratings are faithfully described by the
quantum model (Section 3.3). Of course this is not the real guppy effect, because we did
not yet describe the combination of the concept “pet” and “fish”. Section 4 is devoted to
modeling concept combination.

A specific procedure exists to describe the compound of two quantum entities. The
mathematical structure that is used is the structure of the tensor product of the Hilbert
spaces that are used to describe the two sub-entities. Section 4.1 outlines the tensor
product procedure for quantum entities. The tensor product of Hilbert spaces is a
sophisticated structure. One of its curious properties is that it contains elements that
are called non-product vectors. The states described in quantum mechanics by these
non-product vectors of the tensor product of two Hilbert spaces are the so-called
“entangled quantum states”. They describe entanglement between two quantum
entities when merging with each other to form a single compound. In the process of
working on this quantum representation of concepts, we were amazed to find that it is
these very non-products states that describe the most common combinations of
concepts, and that more specifically a “pet fish” is described by entangled states of the
concepts “pet” and “fish”. This enables us to present a full description of the conceptual
combination “pet fish” and hence a solution to the pet fish problem in Section 4.4. There
is more to the tensor product procedure than combining concepts. For example, it
allows the modeling of combinations of concepts such as “a pet and a fish”, something
completely different from “pet fish”. In this case, product states are involved, which
means that the combining of concepts by using the word “and” does not entail
entanglement (Section 4.3). Finally, we show how our theory makes it possible to
describe the combination of an arbitrary number of concepts, and work out the
concrete example of the sentence “The cat eats the food” (Section 4.5).
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